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We present results from a series of experiments that allow us to measure overbidding and, in particular, underbidding in first-price auctions. We investigate the
extent to which the amount of underbidding depends on the seemingly innocuous
parameters of the experimental setup.
To structure our data, we present and test a theory that introduces constant
markdown bidders into a population of fully rational bidders. While a fraction of
bidders in the experiment can be described by Bayesian Nash equilibrium bids, a
larger fraction seems either to use constant markdown bids or to rationally optimise
against a population with fully rational and boundedly rational markdown bidders.
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1. Introduction
In this paper, we study a feature of bidding behaviour in first-price auction experiments with
private values that has received little attention: bidding less than the risk-neutral Bayesian
Nash equilibrium (RNBNE) for low valuations. We refer to this as underbidding. This feature
may have gone unnoticed because underbidding is difficult to observe in standard experimental
setups; in addition, underbidding is hard to reconcile with several established theories.
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Figure 1 An example from an experiment by Cox et al. (1988)
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In this paper, we present a method that makes it possible to observe overbidding and underbidding in first-price auctions. We find that the amount of underbidding depends on the
seemingly innocent parameters of the experimental setup such as the range of valuations and
the restriction that permits only positive bids. To organise the data, we introduce (boundedly rational) constant markdown bidders into a population of fully rational bidders. In our
analysis, we consider a heterogeneous population of rational bidders and (boundedly rational)
markdown bidders.
To set the stage for our paper, let us review a seminal series of first-price auction experiments
presented by Cox et al. (1983, 1985, 1988). Figure 1 shows bidding data from one of their
experiments. Participants repeatedly play a first-price auction with a fixed number of bidders.
For each participant, valuations are drawn from a uniform distribution. Figure 1 depicts
normalised bidding data for a specific subject.1
The solid line indicates the risk-neutral Bayesian Nash equilibrium (RNBNE) bidding function. As is commonly found, most bids exceed the risk-neutral equilibrium bidding function,
which is what we refer to as overbidding and has been replicated in many first-price auction
experiments.
Closer examination of the bidding data in Figure 1 reveals that for low valuations, many
bids are below, not above, the equilibrium bid. This characteristic of bidding data is not
pathological: Cox et al. (1988) find negative intercepts when approximating bids by linear
bidding functions in some cases; further, Ivanova-Stenzel and Sonsino (2004) report that 7.4%
of the bids in their first-price auction experiments are below the lowest possible valuation. If
bidders attach any utility to money, these bids cannot be part of an equilibrium.
Despite these findings, underbidding does not receive much attention in the experimental
literature. One reason might be that underbidding is often ruled out implicitly or explicitly
1

In this experiment the smallest possible valuation was $0 or $0.10 and the largest possible valuation ranges
from $4.90-$36.10. In Figure 1 the valuations are normalised to [0, 1] and bids are normalised correspondingly.
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through the design of the experiment. Choosing zero as the smallest possible valuation appears
to be an innocent simplification. In this paper, we show that this simplification implies strong
behavioural effects. In addition, bids for small valuations are not easy to observe precisely. In
this paper, we use a variant of the strategy method that makes it easier to observe these bids.
We present a simple theory of heterogeneous bidders—who differ in the degree of
rationality—that is supported by our data. The previous literature demonstrates heterogeneity in subjects’ behaviour in many experimental settings, including auction experiments.
Thus, approximating bidding behaviour by a single bidding function with a fixed functional
form that describes all bids reasonably well may be too demanding. Instead, we propose
three types of bidders that can be linked to different degrees of rationality. We know from
experiments with other games that decision makers apply different levels of reasoning when
choosing a strategy in a game (see Bosch-Domenech et al., 2002). In the context of firstprice auctions, we should mention Crawford and Iriberri (2007), who analyse bidding under
different degrees of rationality. In our paper, we suggest a specific starting point for such a
sequence of different levels of rationality: absolute markdown bids. Apart from rationality,
another important factor that might influence bids is the attitude towards risk. We will allow
for different degrees of risk aversion in the theoretical model. However, the experiment does
not focus on risk. Participants will be sampled from the same pool so that their risk attitude
should be on average the same in all treatments.
Section 2.1 reviews the model of an extreme case: a rational bidder who assumes that the
opponent is also rational. In Section 2.2 we study the opposite extreme: a bidder who is
restricted to using absolute markdown bids and assumes that the opponent obeys the same
restriction. The idea of boundedly rational bidders is not new. Kagel et al. (1987) used
a more flexible form of markdown bids in the context of affiliated private value auctions
and found some explanatory power. In contrast, we introduce an equilibrium foundation
for absolute markdown bids that also accommodates heterogeneous bidding behaviour with
perfectly rational bidders along with boundedly rational markdown bidders. Chen and Plott
(1998) also compare several variants of markdown bids with Bayesian Nash equilibrium bids
when bidders exhibit constant relative risk aversion (CRRA). They find that, on the aggregate
level, CRRA, which, in the context studied by Chen and Plott (1998), imply non-linear bidding
functions, provide a more accurate model than their variants of markdown bids. We do not
deny such a possibility. If all bidders must fit a single type of bidding function, and if some of
them follow simple rules, while other use more complex, non-linear rules, then the aggregate
behaviour might be better described by a non-linear rule. In our experiment, we want to
examine whether some bidders systematically do something else. As a natural next step, we
consider a bidder who is rational but assumes a mix of rational and restricted opponents in
Section 2.3.
Section 3 describes the experiment, and Section 4 presents the results. Section 5 concludes.
Anticipating our result, we classify bidders into groups, similar to those outlined above. If the
experimental setup restricts underbidding, bidding seems to follow a (risk averse) Bayesian
Nash equilibrium. Once underbidding is unrestricted in the experiment, some decision makers
still use Bayesian Nash equilibrium bids, but the majority of decision makers follow a quite
different bidding pattern.
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2. The theoretical framework
In this section, we derive optimal bidding functions for three contexts that differ in the composition of rational and boundedly rational bidders within the population. We concentrate on
a first-price sealed-bid auction with private valuations and two bidders. First, we report the
well-known Bayesian Nash equilibrium with rational bidders where the rationality of bidders
is common knowledge. Second, we introduce boundedly rational bidders, which we refer to as
markdown bidders. We derive the optimal bid function for the situation where the bounded
rationality of bidders is common knowledge. Third, we derive the optimal bid function of
rational bidders where it is common knowledge that there are boundedly rational bidders
alongside rational bidders in the underlying population of bidders.

2.1. Bayesian Nash Equilibrium bids
Deriving the Bayesian Nash Equilibrium for the first-price sealed-bid auction is standard and
is repeated here to introduce the notation. Consider the case where valuations are distributed
uniformly over [0, 1] and bidders have constant relative risk aversion (CRRA); i.e., utility
is given by u(x) = xr , where r is a parameter of risk tolerance. A risk-neutral individual is
described by r = 1, and a risk-averse individual is described by r < 1. We confine our attention
to the case of r ∈ (0, 1]. The derivation of the symmetric increasing bidding function γ(x) is
standard and can, e.g., be found in Krishna (2010). The unique solution is given by
γ ∗ (x) =

x
.
1+r

(1)

If valuations are drawn from the interval [ω, ω] instead of [0, 1], the equilibrium bid is
γ ∗ (x) − ω =

x−ω
.
1+r

(2)

As is well-known, the more risk-averse a bidder is (the smaller the value of r), the larger is
γ ∗ . Further, for finitely risk-averse bidders γ ∗ (x) < x, so that bidders “shade their bids” by a
fraction of x − ω that depends on risk tolerance r.

2.2. Equilibrium with absolute markdown bids
In the Bayesian Nash equilibrium of the first-price auction, bidders ‘shade their bids’ proportionally to x − ω. However, in a post-experimental questionnaire of another first-price auction
experiment, some participants explained that they shade their bids not by a relative but, instead, by a constant amount.2 More broadly, there may be various reasons for shading by a
constant amount:
• It may be cognitively too difficult to work out the exact form of equation (2) or to
intuitively behave in full accordance with it. However, participants quickly understand
that the bid must be somewhat lower than the valuation to have the opportunity of
gaining a positive payoff; hence, they may resort to finding a suitable constant by trial
and error.
2

Kirchkamp et al. (2009).
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• Shading by a constant amount could be due to satisficing behaviour. A bidder who
wants to gain a pre-determined amount in the event of winning the auction must bid
the own valuation minus this amount.
• Shading by a constant amount can also be interpreted as a simple rule given to a bidding
agent. If a principal first has to define a bidding rule (before the individual valuation
is revealed) and then the agent who follows this rule learns the valuation, it might be
simpler for the principal to require a fixed amount that the agent is supposed to gain
from each trade.
To formalise this type of bidding behaviour, we utilise a notion of behavioural bidding that
assumes behavioural player i subtracts a fixed amount from the valuation as follows:
γ̄i (x) = x − αi

(3)

where the parameter of autonomous bid shading αi ≥ 0 is individual-specific. To capture that
real life participants in auctions do not arbitrarily select the size of autonomous bid shading, we
move beyond a purely behavioural approach with αi given by a draw from some distribution.
Instead, we endogenise αi by assuming that bidders are boundedly rational and maximise their
expected utility by choosing the parameter of constant bid shading independently.
In the following, we derive the Bayesian Nash equilibrium of the auction game where both
bidders engage in behavioural bidding as described previously but choose their amounts of
autonomous bid shading αi simultaneously prior to learning their valuations. After learning the
valuation, they bid according to the implied bidding rule. The assumption that bidders cannot
update their bidding rules in response to learning their valuation is essential for autonomous
bid shading. If bidder i could change the bidding rule by selecting a different αi after observing
valuation xi , the Bayesian Nash equilibrium with rational bidders as reported in Section 2.1
emerges because αi is then conditioned on the valuation xi such that it replicates equation (1).
As a result, the equilibrium value of α with autonomous bid shading is optimal in expectation,
although it is not the best response after learning the realisation of a particular valuation.
Figure 2 Space of bidders’ values
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Bidder i wins the auction with the higher bid, γi > γj , for all bidders’ values (xi , xj ) ∈ [0, 1]2
such that bid shading implies xi −αi ≥ xj −αj . For any αj , bidder i finds it optimal to respond
with an amount of bid shading αi∗ such that αi∗ ∈ [αi , αj + 1], where αi = max{0, αj − 1}.
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With bid shading beyond αj + 1, there is no realisation of values (xi , xj ) that allows bidder i
to win the auction; hence, any choice of αi > αj + 1 is strictly dominated by, e.g., αi = αj .
Similarly, any amount of bid shading smaller than αj − 1 allows bidder i to win the auction
for any realisation of values so that shading bids by αi = αj − 1 strictly dominates any smaller
amount of bid shading.
Figure 2 indicates the set of bidders’ values that lead bidder i to win the auction with
autonomous bid shading of (αi , αj ) as grey-shaded regions; the left panel assumes that bidder i
shades bids less than bidder j, while the right panel assumes the opposite. Bidder i wins the
auction if bidder j submits the smaller bid, i.e., if xj < xi + αj − αi . It follows that the
expected utility of bidder i is given by:3
(
R 1+α −α R 1
[1 − 0 i j xi −αi +αj f (xi ) f (xj ) dxj dxi ] u(αi )
if αi ≤ αi ≤ αj
R1
R 1+αi −αj
EUi (αi ) =
[ αi −αj 0
f (xi ) f (xj ) dxj dxi ] u(αi )
if αj ≤ αi ≤ αj + 1
With u(x) = xr and uniformly distributed values, bidder i’s optimal amount of autonomous
bid shading αi∗ is given by:4
(
αi∗ (αj )

=

r(αj +1)
2+r
(αj −1)(1+r)
2+r

if 0 ≤ αj ≤
+

1
2+r

q

2r (2 + r) + (αj − 1)2

if αj ≥

r
2

r
2

(4)

The best-response function αi∗ (αj ) is continuous and strictly increasing in the other bidder’s
amount of bid shading αj . Solving for the unique Bayesian Nash equilibrium yields the equilibrium value of bid shading
r
α∗ =
2
and the equilibrium bid function follows as
r
γ̄ ∗ (x) = x − .
2

(5)

With risk-neutrality, r = 1, bidders shade their bids by 1/2; for an increasing degree of risk
aversion, i.e., for decreasing r, the equilibrium amount of constant bid shading decreases.

2.3. Equilibrium with rational bidders alongside markdown bidders
In the previous two subsections, we considered the two polar cases of a homogeneous population with either rational agents or with boundedly rational agents only. In real life or in an
experiment, the population might be heterogeneous in terms of cognitive abilities—some players might be more rational or less cognitively limited than other players. For recent evidence
that heterogeneous cognitive abilities and beliefs about cognitive heterogeneity of players can
influence behaviour in games, see Blume and Gneezy (2010). To address the possibility of heterogeneous levels of rationality, we assume that the underlying population of potential bidders
is composed of rational players alongside boundedly rational players.
Specifically, let ρ ∈ [0, 1) be the share of all perfectly rational bidders in the population of
potential opponents, while the remaining population with share 1 − ρ consists of markdown
3
4

The expected utility for any αi < αj − 1 or any αi > αj + 1 is given by u(αi ) or 0, respectively.
See appendix A for the detailed derivation.
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Figure 3 Equilibrium bid function of rational bidders γ(x) for risk aversion r ∈ {1, 32 , 13 } and
population mix ρ ∈ {.1, .2, . . . , .9}.
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Coloured lines show equilibrium bids in the mixed population for different values of ρ. The black line shows
the equilibrium bid for a population with only rational (though risk averse) bidders. The dotted line denotes
the risk-neutral equilibrium bid (RNBNE) for a population of only rational bidders.

bidders. This population composition is common knowledge among rational bidders only,
while boundedly rational markdown bidders are assumed to believe to be playing against
another markdown bidder with probability one.
The derivation of the equilibrium condition is shown in Appendix B. Figure 3 shows the
equilibrium bids for different attitudes towards risk r and various population mixes ρ.

3. Experimental setup
The purpose of the experiment is twofold: We want to examine the extent to which the existing
experimental evidence on first-price auctions is an artefact5 of the design and we want to find
out the extent to which absolute markdown bids are consistent with actual behaviour.
Chen and Plott (1998) study a situation where Bayesian Nash equilibrium bids are not linear.
In this setup, they do not find much evidence of markdown bids. To give markdown bids a
chance to be observable, we use a situation where Bayesian Nash equilibrium bids are linear
and clearly distinguishable from markdown bids. Of course, our design does not allow us to
assess the potential of markdown bids to explain bidding behaviour in all conceivable auctions.
However, it allows us to establish whether markdown bids are an element contributing to actual
bidding behaviour.
Comparing equations (2) and (5) shows that absolute markdown bids differ from Bayesian
Nash equilibrium bids—in particular for low valuations: Absolute markdown bids can be
smaller than the smallest valuation, while Bayesian Nash equilibrium bids cannot. We exploit
5

I.e. the shape of bidding functions, in particular for low valuations, found in experiments like Cox et al.
(1988).
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Table 1 Treatments
Treatment
-25
0
0+
25
50
50+
50II+

[ω, ω]

b

[-25,25] -125
[0,50] -100
[0,50]
0
[25,75] -75
[50,100] -50
[50,100]
0
[50,100]
0

auction
type
1st
1st
1st
1st
1st
1st
2nd

indep. observations

participants

4
6
4
3
4
8
6

32
40
32
26
30
86
58

The parameter b is the smallest possible bid. In the +treatments b = 0; otherwise b = ω − 100. The highest
bid that participants could enter was always ω + 100.

this difference to distinguish absolute markdown bids from Bayesian Nash equilibrium bids.
This has two implications for the experiment:
First, we must also observe bids for low valuations in a reliable way. To allow bidders to
gain as much experience as possible for low valuations, we use a setup with two bidders only.6
Furthermore, we use the strategy method and play five independent auctions in each round,
which increases the chance of feedback with low valuations. The idea of this setup is similar
to that in Kirchkamp et al. (2009) and Kirchkamp and Reiß (2011).
Second, we must provide a realistic possibility for bidders to submit bids that are lower
than the lowest valuation. This might be difficult if the lower bound of valuations is equal to
zero as it is in many experimental studies. To this end, we want to understand how seemingly
innocent changes in the parameters of the experiment affect the choice between Bayesian
Nash equilibrium bids and absolute markdown bids. In our experiment, we vary the range of
valuations and the restriction that permits only positive bids.
In Section 2, we determined equilibrium bids and absolute markdown bids for valuations
that are distributed uniformly over an interval [0, 1]. These bids can be easily generalised to
valuations that follow a uniform distribution over any interval [ω, ω]. Table 1 lists the intervals
we study in our experiments. We investigate the following hypotheses:
Hypothesis 1 (pure Bayesian Nash equilibrium bidding) If all bidders use Bayesian
Nash equilibrium bids, we should not see much underbidding. Additionally, if bidders are
risk-averse or if regret or spite plays a substantial role, we should not find underbidding.
Hypothesis 2 (partial markdown bidding) If some bidders use absolute markdown bids
or if some bidders believe that there are absolute markdown bidders with positive probability,
we should find underbidding for small and overbidding for large valuations in all treatments
where underbidding is possible (i.e., the −25, 25, 50, and 50+ treatment).
Even with absolute markdown bids we should find no underbidding in the 0+ treatment,
because it is not possible to submit negative bids. The 0 treatment where negative bids are
allowed is an intermediate case. Some participants might be tempted to assume that bids
should not be smaller than zero, and others might not.
6

A smaller number of bidders increases the probability to win the auction. An increase in the probability to
win the auction increases the number of learning opportunities for bidders.
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Hypothesis 3 (suppression of markdown bidding) We should find more absolute markdown bids in the 0 treatment than in the 0+ treatment.
To check whether being restricted to positive bids has any confounding effects even with an
interval where the restriction should not matter, we compare the 50 to the 50+ treatment,
leading to Hypothesis 4.
Hypothesis 4 (strong negative bids exclusion effect) We should find more absolute
markdown bids in the 50 treatment than in the 50+ treatment.
Whereas the −25 treatment is just a transformation of the 25 and 50 treatment, the −25 treatment involves negative and positive valuations at the same time. This might be perceived as
more difficult and, thus, may give an additional incentive to use (simpler) absolute markdown
bids.
Hypothesis 5 (complexity favours markdown bidding) We should find more absolute
markdown bids in the −25 treatment than in the 25 or 50 or 50+ treatments due to increased
difficulty.
While for first-price auctions absolute markdown bids differ substantially from Bayesian Nash
equilibrium bids, there is no such difference for second-price auctions. Underbidding for small
valuations can be the result of absolute markdown bids in first-price auctions, but it should
disappear (even with absolute markdown bids) in second-price auctions (treatment 50II+).
Hypothesis 6 (no underbidding in second-price auctions) There should be no significant amount of underbidding in the 50II+ treatment.
All experiments were conducted in the experimental laboratory of the SFB 504 in Mannheim.
In total, 304 subjects participated in these experiments. An overview of the treatments is
shown in Table 1, and instructions are provided in Appendix D. The experiments were computerised with z-Tree (Fischbacher (2007)).
A typical input screen used in the experiments is shown in Figure 4 (translated into English).
In each round, participants are matched randomly to pairs, and they simultanously enter
bids for six valuations that are equally spaced between ω and ω. Bids for all other valuations
are interpolated linearly. The bidding function is shown as a graph in the left part of the
screen.7 Upon determination of bidding functions by all participants, we draw five random
and independent valuations for each participant. Each of these five random draws corresponds
to an auction for which the winner is determined and the gain of each player is calculated.
The sum of the gains obtained in these five auctions determines the total gain from this round.
A typical feedback screen is shown in Figure 5. Participants play 12 rounds. Each round
consists of a bid input stage and a feedback stage. At the end of these 12 rounds, participants
complete a short questionnaire and are paid in cash according to their gains throughout the
experiment.
The strategy method has been used before in other auction experiments by Selten and
Buchta (1999), Güth et al. (2003), Pezanis-Christou and Sadrieh (2003), Kirchkamp et al.
7

The bid axis actually shown to subjects ranged from -50 to 120 in all treatments allowing for negative bids
and from 0 to 120 in all treatments with non-negative bids. In Figures 4 and 5 we use a condensed range
to improve the diagrams’ exposition.
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Figure 4 A typical input screen in the experiment (translated into English)
Round:

1 of 12

Remaining time [sec]: 113

You receive 0 ECU if you make the smallest bid in an auction
The other bidder receives 0 ECU if he makes the smallest bid in the auction
Your valuation will be a number between -25 and 25
The valuation of the other bidder will be a number between -25 and 25.
Bid [ECU]
120
110
100
90
80
70
60
50
40
30
20
10
0
-10
-20
-30
-40
-50
-25

Please indicate your bidding function depending
on the valuation that is still going to be
determined
For a valuation of -25 ECU I bid: -28.4
For a valuation of -15 ECU I bid: -18.74
For a valuation of -5 ECU I bid:
-9.3
For a valuation of 5 ECU I bid:
1
For a valuation of 15 ECU I bid: 9.35
For a valuation of 25 ECU I bid: 17.5

Draw bids
-15

-5
5
Valuation [ECU]

15

25

Finish input stage

Figure 5 A typical feedback screen in the experiment (translated into English)
Round:

1 of 12

Remaining time [sec]: 113

You receive 0 ECU if you make the smallest bid in an auction
The other bidder receives 0 ECU if he makes the smallest bid in the auction
Your valuation will be a number between -25 and 25
The valuation of the other bidder will be a number between -25 and 25.

Bid [ECU]
120
110
100
90
80
70
60
50
40
30
20
10
0
-10
-20
-30
-40
-50
-25

-15

-5
5
Valuation [ECU]

15

25

Auction 1
Your randomly determined valuation is -24.46 ECU.
According to your entered bidding function you make a bid of -27.89 ECU.
You entered the smaller bid. The other bidder has made a bid of -8.24 ECU.
Your income from this auction is 0 ECU.
Auction 2
Your randomly determined valuation is -24.06 ECU.
According to your entered bidding function you make a bid of -27.5 ECU.
You entered the smaller bid. The other bidder has made a bid of -5.3 ECU.
Your income from this auction is 0 ECU.
Auction 3
Your randomly determined valuation is -19.66 ECU.
According to your entered bidding function you make a bid of -23.25 ECU.
You entered the larger bid.
Your income from this auction is 3.59 ECU.
Auction 4
Your randomly determined valuation is -14.15 ECU.
According to your entered bidding function you make a bid of -17.94 ECU.
You entered the smaller bid. The other bidder has made a bid of -12.02 ECU.
Your income from this auction is 0 ECU.
Auction 5
Your randomly determined valuation is 22.7 ECU.
According to your entered bidding function you make a bid of 15.64 ECU.
You entered the larger bid.
Your income from this auction is 7.06 ECU.

Your income from all auctions in this round is 10.65 ECU

Continue with the next round
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Figure 6 Convergence of bids over time
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The panel on the left shows how many of the six support points (hypothetical bids) of a bid function bidders
change for different periods in the game. The middle panel shows the absolute amount of this change for each
period. The right panel shows the absolute amount of this change for the different valuations. All panels show
loess splines (using the default parameters for loess).

(2009), and Kirchkamp and Reiß (2011). From our own experience with this method, we
know that bids that are observed with the strategy method are very similar to bids observed
with alternative methods.
In the context of this paper, we should note that the three benchmark solutions we described
in Sections 2.1, 2.2, and 2.3 can be represented as three different bidding functions, which are
all (almost) straight lines in the experimental interface. It is, however, the decision of the
participants to choose any of these three lines or any other curve.

4. Results
4.1. Convergence of bidding behaviour
Before we look at details of bidding behaviour, we check whether behaviour stabilises over the
course of the experiment. We rely on two indicators of stability. First, we count how often
participants change the support points of their bidding function. In each period and for each
participant, this can be a number between zero and six. It is zero if the participant continues
to use the bidding function from the last period, and it is six if all bids are changed. The
result is shown in the graph on the left in Figure 6. By definition, all six support points are
new in the first period; thus, period 1 must start with 6 changes for all treatments. After some
adjustments during the first few periods, participants apply a more stable bidding function,
adjusting fewer and fewer support points in each period.
Second, the graph in the middle panel of Figure 6 shows the average absolute amount of
these changes over time. We see that these changes are small compared to the range of the
valuation.
Third, the right panel in the figure shows that changes are distributed fairly evenly over
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Figure 7 Overbidding for different treatments
25% quantile

50% quantile

0 1020304050

b − RNBNE

-25

0
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0+

25

0 1020304050

50

50+

50II+

20
15
10
5
0
-5
-10
0 1020304050

0 1020304050

0 1020304050

0 1020304050

x−ω
The figure shows normalised valuations (x − ω) on the horizontal and overbidding (b − RNBNE) on the vertical
axis. The median amount of overbidding is shown as a black line. The interquartile range of overbidding is
indicated with a dashed and a dotted line. The first 6 periods of each session are discarded.

valuations for most treatments. The exception is the 0+ treatment where bidders are restricted
in their changes for small valuations.
We conclude that bidding behaviour is stable in the second half of the experiment.

4.2. Visual inspection of aggregate bids
For a first impression of bidding behaviour, Figure 7 shows the median and interquartile range
amount of overbidding b − RNBNE as a function of the normalised valuation x − ω.8 RNBNE
is the Bayesian Nash equilibrium bidding function with risk neutrality (r = 1) as given by
equation (2). Let us briefly inspect the individual treatments:
Second-price auction, 50II+: In the second-price treatment, bidders have a weakly dominant
bidding strategy. Many participants follow this strategy. Overbidding is zero for the 25%
quantile and for the median bid. The 75% quantile is, for all valuations, larger than 0, i.e.,
there are some bidders who bid more than the weakly dominant bidding strategy. This is
consistent with the experimental literature. Already Kagel et al. (1987) find a small amount
of overbidding in second-price auctions. Kagel and Levin (1993) confirm that only a small
fraction of bidders bid less than the equilibrium strategy, while a substantial fraction bid more
in second-price auctions9 .
First-price auction, 0+: The traditional first-price treatment prevailing in the experimental
literature is characterised by ω = 0 and ’+’, where the sign indicates the restriction to positive
bids. The lowest possible valuation is 0, and bids are constrained to be positive. As we
8
9

Median and quartiles are taken over all bidders and all periods (after period 6) in a given treatment.
Garratt et al. (2012) report overbidding along with underbidding in second-price auctions for bidders with
extensive eBay experience.
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Figure 8 Odds of overbidding for different treatments
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The figure shows normalised valuations (x−ω) on the horizontal axis. Let q be the probability that the average
bid in a given session and for a given valuation is above the RNBNE. For an (uninformed) uniform prior q ∼
Beta(1, 1), the vertical axis displays (on a log scale) the posterior odds oq>1/2 ≡ Pq>1/2 /(1 − Pq>1/2 ), i.e., the
odds that bids above the RNBNE (overbidding) are more likely than bids below the RNBNE (underbidding).
The first 6 periods of each session are discarded.

should expect, we find overbidding in this treatment. Median overbidding and 75% quantile
overbidding increase with the valuation. Except for the highest valuation, the 25% quantile
also increases with the valuation. What we see at the right end of the 0+ graph is a decrease
in the amount of overbidding for the 25% quantile. The value of the bid is still increasing
for these players, although the slope of the bidding function is now smaller than one. This
finding is consistent with risk-aversion and confirms results from several previous experiments,
starting with Cox et al. (1982).
First-price auction, all other treatments: All of the other treatments allow for bids that are
smaller than the smallest possible valuation. Similar to the 0+ treatment, we find overbidding
for high valuations. In contrast to the 0+ treatment, we find underbidding for low valuations.

4.3. Inference from aggregate bids
Hypotheses 1 and 2: To study Hypotheses 1 (pure Bayesian Nash equilibrium bidding)
and 2 (partial markdown bidding), we use a Bayesian binomial model as an analogue to
the binomial test in the frequentist approach. We treat each session as one independent
observation and observe for each session whether for a given valuation the average bid in this
session is higher or lower than the RNBNE. Let q denote the probability that the average
bid in a session for a given valuation is above the RNBNE. For an (uninformed) uniform
prior q ∼ Beta(1, 1), Figure 8 shows the posterior odds oq>1/2 ≡ Pq>1/2 /(1 − Pq>1/2 ), i.e., the
odds that bids above the RNBNE (overbidding) are more likely than bids below the RNBNE
(underbidding). For high valuations (x = ω + 50), the odds of average overbidding are above
10:1 for all treatments. In the 0+ and 50II+ treatments for small valuations (x = ω) as well,

13

Table 2 Slope of bidding function β3 (Equation (7))
ω
C
β̂3
0
b 6= 0
0.1000
50
b 6= 0
-0.0616
all except 0 ω = −25 0.1840

95% 0.0796
-0.0854
0.1649

C.I.
Pr(β3 ≤ 0)
0.1204
0.0000
-0.0376
1.0000
0.2031
0.0000

Pr(β3 ≥ 0)
1.0000
0.0000
1.0000

Further details on convergence are given in Appendix C.1.

the odds favour overbidding, although less strongly.
For each of the other treatments, however, the odds are strongly in favour of underbidding
for small valuations (10:1 or more, i.e., for each treatment, we have strong evidence following
the terminology of Jeffreys, 1961). Aggregating the evidence from the single treatments yields
the posterior odds in favour of underbidding (for x = ω) to be more than 3×107 :1; i.e., we find
decisive evidence for underbidding for small valuations. This is consistent with the absolute
markdown bids presented in Section 2.
Not surprisingly, as in many other experiments with first-price auctions, we find strong support for overbidding for the highest possible valuation ω in all treatments. More interestingly,
we find strong support for underbidding for the smallest possible valuation ω in all first-price
treatments where underbidding is possible, that is except for the 0+ treatment. Thus, we find
no support for Hypothesis 1 (pure Bayesian Nash equilibrium bidding), but we can confirm
Hypothesis 2 (partial markdown bidding).
Hypotheses 3–6: With absolute markdown bids, the slope of the bidding function should
be one. With Bayesian Nash equilibrium bids, the slope of the bidding function should be
smaller than one. To discuss Hypotheses 3 to 6, we compare the slopes of the aggregate
bidding function in the different treatments. We take steeper slopes of the aggregate bidding
function in a given condition as an indication of the presence of absolute markdown bids. In
Sections 4.4 and 4.5, we then consider individual bidding functions.
Here, we estimate a Bayesian hierarchical model where bigt is the bid of individual i in
matching group g at period t and vigt is the valuation of this bidder. We include random
effects Ii and G
g for the individual bidder i and for the matching group g. The different levels
of random effects are denoted j ∈ {U, I, G} for the residual, the individual and the matching
group, respectively. C is a dummy that is equal to one when the condition under C in Table
2 is fulfilled and zero otherwise. We use (almost) uninformative priors. The first 6 periods of
each session are discarded.
(bigt − ω) ∼ N (µig , 1/τU )

(6)

with µig = β0 + β1 (vigt − ω) + β2 C + β3 (vigt − ω) C +

Ii

+

G
g

Ii ∼ N (0, 1/τI ) and G
g ∼ N (0, 1/τG )
4

with priors βj ∼ N (0, 10 )
for j ∈ {0, .., 4}
2
2
τj ∼ Γ(mj /sj , mj /sj 2 ) with mj ∼ Exp(1), sj ∼ Exp(1)

(7)
(8)
(9)
(10)

Hypothesis 3 (suppression of markdown bidding): The first line in Table 2 shows the
comparison of the 0 with the 0+ treatment; i.e., we consider only observations with ω = 0,
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and we have C = (b 6= 0). In the 0 treatment, the slope of the bidding function is larger than
the slope in the 0+ treatment by β3 = 0.10. In 100.00% of our 80000 samples, the posterior
β3 was positive. We can, therefore, confirm Hypothesis 3.
Hypothesis 4 (strong negative bids exclusion effect): The next line of Table 2 shows
the difference in slopes of the bidding function between the 50 and 50+ treatment. According
to the hypothesis, we should find a steeper slope in the 50 treatment, i.e., we should expect
a positive β3 . The difference in slope between the two treatments is β3 = −0.06. In 0.00% of
our 80000 samples, the posterior β3 was positive; hence, Hypothesis 4 is not confirmed. To
summarise: A restriction to positive bids does have an effect in the context of Hypothesis 3,
i.e. in a range where some bidders otherwise make negative bids. Perhaps not surprisingly,
the same restriction to positive bids does not have an effect in the context of Hypothesis 4,
i.e. in a range where, even for a markdown bidder, the restriction should not have an effect.
Hypothesis 5 (complexity favours markdown bidding): The third line of Table 2 shows
the difference in the slope of the bidding function between the −25 treatment and the 25, 50,
and 50+ treatment. According to Hypothesis 5 (complexity favours markdown bidding), we
should expect a steeper slope of the bidding function under the −25 treatment. Indeed, our
estimate for β3 is 0.18. Furthermore, β3 is positive in 100.00% of our 80000 samples of the
posterior. We can, hence, confirm Hypothesis 5.
Does this mean that a sufficiently complex design eventually leads all bidders to follow a
markdown rule? Perhaps not. Chen and Plott (1998) study a more complex environment
which, in equilibrium, implies non-linear bids. Still, aggregate bids in their experiment are
better described by a non-linear function. Hence, at least some bidders in Chen and Plott
(1998)’s experiment must use non-linear bids.
Hypothesis 6 (no underbidding in second-price auctions): Here we have to go back to
Figure 8. The line “50II+” shows the difference between bids in the experiment and equilibrium
bids. For all values, the probability of overbidding is clearly larger than 1/2, which supports
Hypothesis 6.

4.4. Individual bids
The quartiles of bidding behaviour in Figure 7, suggest heterogeneity among bidders. To
better understand individual bidding behaviour we estimate for each bidder a linear bidding
function:
(11)
b(x) = ω − α + β · (x − ω) + u
The regression specification normalises valuations and bids such that the point (ω, ω) transforms to the origin (0, 0) in the valuation-bid space. We normalise to facilitate the comparison
of estimated intercept α (as the markdown amount) across treatments with different valuation
domains. Estimated intercepts and slopes can be interpreted as if the valuation domain was
[0, 50] for any treatment. Again, we discard the first six periods of the experiment. The fit of
the estimations of equation (11) is very good; e.g., the median R2 is 0.9767.
Figure 9 shows the contour lines of the estimated joint distribution of α and β. We aggregate
the data in three graphs:
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Figure 9 Individual bidding
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Each graph shows in black contour lines of the kernel density estimate of the distribution of individual bidding
functions (see equation 11), with the first six periods of the experiment discarded. Numbers next to the
contour lines are estimated percentiles. The centre points of the red circles (areas proportional to frequency)
and their labels denote the centres of distributions of strategies from the mixture model we study in Section
4.5.

First-price auction, treatments other than 0+: The left-hand panel in Figure 9 illustrates
coefficient estimates for first-price auction treatments other than 0+. Here, bids smaller than
the lower bound of the valuation domain ω are possible.
• A large group of bidders is characterised by β ≈ 1 and substantial markdown amounts
α > 0. In line with Section 2.2, these bidders are better described by absolute markdown
bids instead of Bayesian Nash equilibrium bids (β < 1, α = 0). This is evidence against
Hypothesis 1 and in favour of Hypothesis 2.
• At the (vertically) lower end of the distribution, there are still some bidders with α ≈ 0.
These could be bidders that are not affected by our treatment conditions and always bid
according to the risk-averse Bayesian Nash equilibrium (see Section 2.1) or are driven
by motives like spite or regret.
• Finally, there is a group of bidders with β < 1 but still a positive markdown amount
α. In the context of Section 2.3, we can interpret these bidders as rational bidders
who realise that not all bidders are perfectly rational. They might also be viewed as
markdown bidders.
First-price auction, 0+: The panel in the middle of Figure 9 depicts coefficient estimates
for the 0+ treatment. The risk-neutral Bayesian Nash equilibrium predicts α = 0 and β =
1/2. The risk-averse equilibrium predicts α = 0 and β > 1/2. As Figure 9 illustrates, the
distribution of coefficients is concentrated around α ≈ 0 and β ∈ [1/2, 1]. In this treatment,
risk-averse Bayesian Nash equilibrium and other theories that we mentioned above explain
the data quite well. Compared with the other first-price treatments in the left panel, we find
fewer bidders with α > 0, i.e., evidence in support of Hypothesis 3.
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Second-price auction, 50II+: The rightmost panel in Figure 9 shows the distribution of
estimated bidding functions for second-price auctions. In the weakly dominant equilibrium,
we have α = 0 and β = 1. Indeed, the distribution of estimated values is nicely centred around
this value.

4.5. Categorising individual bidders
To more formally categorise individuals according to their bidding behaviour, we estimate the
following Bayesian mixture model. bigt is the bid of bidder i in matching group g and in period
t. vigt is the valuation of this bidder. ci ∈ {RAND, MD, FLEX, BNE} is the subpopulation to
which bidder i belongs. These subpopulations are distinguished by different restrictions (18)
on coefficients βm,i,c . Which restriction is in place is determined by the category ci , which
follows a categorical distribution and can take one of the following four values:
RAND: bigt = β0,i,RAND + u. This is a random bidder that bids a constant plus some noise.
MD: bigt = β0,i,MD + vigt + u. This is the markdown bidder, which reduces the own valuation
by a fixed amount (see Equation (5)).
BNE: bigt = β1,i,BNE vigt + u. This bidder follows a (possibly risk-averse) Bayesian Nash
equilibrium (see Equation (1)).
FLEX: bigt = β0,i,FLEX + β1,i,FLEX vigt + u. This is a linear approximation, capturing all bidders
that cannot be better explained by (possibly risk-averse) Bayesian Nash equilibrium
bidding (BNE), by markdown bidding (MD), or by random bidding (RAND). For firstprice auctions, it describes the rational bidder who plays a best reply against a population
mix of other markdown and other rational bidders (see Figure 3).
Obviously, the above list is not meant to be exhaustive. There might be other bidders which
follow more complicated rules which can only be approximated by the above rules. As before,
we allow for random effects for the individual bidder Ii,c and for the matching group G
g,c . The
different levels of random effects are denoted j ∈ {U, I, G} for the residual, the individual and
the matching group, respectively. We describe bids as follows:
τj ∼ Γ(m0j 2 /s0j 2 , m0j /s0j 2 ) with m0j ∼ Exp(1), s0j ∼ Exp(1)
Ii,c

∼ N (0, 1/τI ) and

G
g,c

∼ N (0, 1/τG )

bigt − ω ∼ N (β0,i,ci + β1,i,ci (vigt − ω) + Ii,ci + G
g,ci , 1/τU )

(12)
(13)
(14)

For each bidder i and for each of the four categories ci , we need two coefficients βk,i,c with
k ∈ {0, 1} for Equation 14:
µk,c ∼ N (0, 104 )
tk,c ∼ Γ(m2k,c /s2k,c , mk,c /s2k,c ) with mk,c ∼ Exp(1), sk,c ∼ Exp(1)
βk,i,c ∼ N (µk,c , 1/tk,c )
β1,i,RAND = 0, β1,i,MD = 1, β0,i,BNE = 0
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Figure 10 Categorisation of bidders (Equation 19)

0.8
0.6
0.4
0.2
0.0

The boxplot shows relative frequencies of the different types c. Whiskers range from 5% to 95% quantiles.
Boxes denote 25% and 75% quantiles. Medians are shown as dots.

With Cat denoting the categorical distribution, δ is the vector of probabilities of the different
categories c ∈ {RAND, MD, FLEX, BNE}.
P
δc = γc / c γc with γc ∼ Exp(1)
(19)
ci ∼ Cat(δ)
(20)
Figure 10 shows relative frequencies of the categories in the different treatments and Figure
11 shows means of the estimated βk,i,c for each treatment. Table 4 in Appendix C.2 provides
information on δc . Table 5 in Appendix C.2 provides statistics on the convergence of δc . We
are now ready to examine our hypotheses at the individual level:
Again, we find no support for Hypothesis 1 (pure Bayesian Nash equilibrium bidding). Over
all treatments with the first-price auction, more than a median of 54.4% of bidders are not
classified as Bayesian Nash equilibrium bidders.
We do find support for Hypothesis 2 (partial markdown bidding). Over all treatments of
the first-price auctions, a median of 30.3% of bidders are classified as markdown bidders with
the smallest amount of markdown bidders in treatment 0+.
The data also support Hypothesis 3 (suppression of markdown bidding). We have a median
of 22% markdown bidders in the 0 treatment but only 5% in 0+.
We find no support for Hypothesis 4 (strong negative bids exclusion effect): There are
actually fewer markdown bidders (median 27.3%) in the 50 than in the 50+ treatment (median
40.7%).
We find some support for Hypothesis 5 (complexity favours markdown bidding): The largest
share of markdown bidders (median 46.3%) is found in the −25 treatment. However, the effect
is quite small. The share of markdown bidders in the 50+ treatment is only slightly smaller
(median 40.7%).
We can also support Hypothesis 6 (no underbidding in second-price auctions). Although
some bidders (median 6.8%) are classified as using a markdown-strategy (MD), these bidders
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Figure 11 Averages of β0 and β1 from Equation (14).
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The Figure shows the averages of the coefficients estimated with the mixture model that classifies bidders into
the bidding categories RAND, MD, BNE, and FLEX (see Equation (14) for the specification of the bidding
model). In line with Equation (18), the case RAND (left panel) must be on the vertical line β1,i,RAND = 0;
the case MD must be on the vertical line β1,i,MD = 1 (right panel); the case BNE must be on the horizontal
line β0,i,BNE = 0 (right panel); all other points in the right panel refer to the case FLEX.

actually increase—not decrease—their bids on average; to see this, consider the right panel of
Figure 11 which indicates the means of the estimated regression coefficients in Equation (14)
separately for each category of bidders by treatment. There, FLEX-bidders in the second-price
auction show a strictly positive intercept (vertical axis) indicating overbidding by 4.3 ECU on
average.
Finally, compare the starkly different behaviour of FLEX-bidders in treatment 0+ (in this
treatment a median share of 2.5% are classified as FLEX) to that bidding behaviour found for
all other first-price treatments (there a median share of 23.1% are classified as FLEX). As we
can see in the right panel of Figure 11, bidding functions estimated for the FLEX-bidders in
treatment 0+ with the mixture model have a positive average intercept. In contrast, in any
other first-price treatment, FLEX-bidders are characterised by negative intercepts on average
indicating underbidding, consistent with the best-response against another bidder drawn from
a mixed population with rational and markdown bidders.

5. Concluding remarks
Many first-price auction experiments find that subjects bid more than the risk-neutral equilibrium bid; i.e., they ‘overbid’. We can confirm this finding. However, the approaches that have
been used so far to explain overbidding are not in line with our second finding: underbidding
for small valuations.
The idea we are proposing here, namely that some bidders use absolute markdown bids, is
independent of the representation of payoffs as lottery tickets or as money and consistent with
the traditional experimental evidence. We have seen in Section 2 that, theoretically, optimal
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absolute markdown bids imply underbidding for small valuations and that the presence of a
small proportion of bidders with absolute markdown bids is sufficient to make rational bidders
behave as if they were constrained in a similar way.
We found that there are very different types of bidding behaviour that we estimated with
a mixture model basing on our theoretical framework. On average, 45.6% of bidders in our
experiment were classified as Bayesian Nash bidders, most of which could be describe by a
risk averse bidding function. Instead, a substantial fraction of bidders—over all treatments
30.3%—seems to follow absolute markdown bids. A third group (20.4%) behaves like optimisers against such a mixed population. The remaining 3.7% were classified as random.
These types of bidders seem not to be exogeneously fixed before bidders enter the auction,
at least they are not fixed for all bidders. Instead, the auction environment itself influences
their type. For example, in the traditional treatment, 0+, there are 89.4% of Bayesian Nash
bidders along with 5% absolute markdown bidders, while for the most complex treatment,
−25, these shares of bidder types amount to 44.1% and 46.3%, respectively. As in Masiliunas,
Mengel, and Reiss (2014), we find more often less sophisticated strategies in more complex
situations.
In our experiment, the manipulation of the range of valuations allows us to shed light
on the richness of the interaction of the auction environment and bidding behaviour. For
example, in the most complex treatment, −25, bidders are, for the most part, classified as
(quite unsophisticated) markdown bidders, but in the least complex treatments (0, 25, 50), the
majority of bidders is in line with rational bidding, in the sense of either best-responding to
homogeneous BNE beliefs or to a heterogeneous population. This finding points to a challenge
of auction design: Auction design has to incorporate heterogeneity; however, at the same time,
the auction design actually determines heterogeneity.
For the designer of a mechanism it might be reassuring to see that with a context which is
traditionally used in experiments many bids follow Bayesian Nash equilibria. This would be
good news for two reasons: First, it is reassuring to see that the standard theory describes
bids well. Second, if most bidders follow equilibrium bids, then we are more likely to reach an
efficient allocation. Sadly, we have also seen that this property seems to depend on what looks
like a minor detail: the range of valuations. We did not change much. We only shifted the range
of valuations by a small amount. As a result fewer bidders can be described by equilibrium
bids. This would not be a problem for efficiency if all bidders would move to markdown bids
in the same way. Unfortunately this is not the case. We find more heterogeneity than in the
standard case and, as a result, less efficiency.
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A. Derivation of the best-response function αi∗(αj ) with
markdown bids as given by (4)
With the uniform distribution f (xi ) = f (xj ) = 1 for xi , xj ∈ [0, 1], and CRRA utility, the
expected utility function simplifies to

if max{0, αj − 1} ≤ αi ≤ αj ,
[1 − 21 (αi − αj + 1)2 ] αir
EUi (αi ) =
1
2 r
if αj ≤ αi ≤ αj + 1.
(αj − αi + 1) αi
2
To ease the exposition, define auxiliary functions h− (z) and h+ (z) corresponding to the two
cases of the expected utility function as follows:
1
h− (z) = [1 − (z − αj + 1)2 ] z r ,
2
1
h+ (z) = (αj − z + 1)2 z r .
2
∗
Case I: h− (z) is maximised on the interval [z, αj ] at z−
= min{z1 , αj }, where z1 is defined
further below. The first derivative of h− (z) is


r z r−1
2z
0
2
h− (z) =
2 − (z − αj + 1) −
(z − αj + 1)
2
r
and exhibits two non-zero roots z1 , z2 6= 0 such that
q
(1 + r) (αj − 1)
1
z1,2 =
2r(2 + r) + (αj − 1)2 .
±
2+r
2+r
√
It is straightforward to show that z < z1 < αj − 1 + √ 2. There exists z 0 ∈ (z, z1 ) such
that h0− (z 0 ) > 0; further, h0− (z1 ) = 0, and h0− (αj − 1 + 2) < 0. Because z2 < z, z1 is the
>z
unique root of h0− (z) for z > z so that, with continuous differentiability of h− (z) for z√
and continuity of h− (z) for z ≥ z, h− (z1 ) is the maximum on interval [z, αj − 1 + 2].
∗
∗
= z1 is the maximiser on interval [z, αj ] for z1 ≤ αj and z−
= αj emerges
Therefore, z−
as the boundary solution for z1 > αj .
∗
= max{z4 , αj } where z4 is defined further
Case II: h+ (z) is maximised on [αj , αj + 1] at z+
below. The first derivative of h+ (z) is
1
h0+ (z) = z r−1 (αj − z + 1) [r (αj − z + 1) − 2z]
2
and exhibits two non-zero roots: z3 = αj + 1 and z4 = r(αj + 1)/(2 + r). Because
h+ (z3 ) = 0 and h+ (z) > 0 for z ∈ [αj , αj + 1), z3 identifies a minimum. It is obvious
that 0 < z4 < αj + 1. There exists z 0 ∈ (0, z4 ) such that h0+ (z 0 ) > 0; further, h0+ (z4 ) = 0,
and there exists z 00 ∈ (z4 , αj + 1) such that h0+ (z 00 ) < 0. Because z4 is the unique root of
h0+ (z) for 0 < z < αj + 1, with continuous differentiability of h+ (z) for 0 < z < αj + 1
and continuity of h+ (z) for z ≥ 0, h+ (z4 ) is the maximum on interval [0, αj + 1]. For
∗
αj ≤ r/2, z4 ≥ αj ; hence, z+
= z4 is the maximiser of h+ (z) on interval [αj , αj + 1] for
∗
αj ≤ r/2. Further, z+ = αj for αj > r/2 because then z4 < αj .

By h− (αj ) = h+ (αj ) and, for αj > 0, h0− (αj ) = h0+ (αj ) = αjr−1 (r − 2αj )/2, expected utility
EUi (αi ) is maximised (i) by z1 for αj > r/2, (ii) by z1 and z4 for αj = r/2 (implying z1 = z4 ),
∗
∗
and (iii) by z4 for 0 < αj < r/2. The comparison of h− (z−
= 0) = 0 and h+ (z+
= z4 ) > 0
implies that EUi (αi ) is maximised by z4 for αj = 0. The best-response function αi∗ (αj ) as
given by (4) follows immediately.

23

B. Rational bidders alongside markdown bidders
In Section 2.3 we considered the situation of a heterogeneous population. A share ρ ∈ [0, 1)
of the population is perfectly rational. The rest, a share 1 − ρ, consists of markdown bidders.
In this appendix we derive the equilibrium conditions for this case.
Let θj ∈ {R, R} denote the rationality type of player j that can be either fully rational,
θj = R, or boundedly rational in the sense of markdown bidding, θj = R. Then, a fully
rational bidder’s prior probability of competing with another fully rational bidder is ρ and
that of facing a markdown bidder is 1 − ρ. Assume there is an equilibrium such that the
fully rational type bids according to γ(x) and the boundedly rational type bids according to
γ̄(x), where both equilibrium bid functions are strictly increasing. The expected utility of a
fully rational bidder i facing the competitor j, who is randomly drawn from the population of
bidders, is (assuming that bidder j bids according to the proposed equilibrium) given by:
EUi = ρ · Pr{bi = max{bi , γ(xj )} | θj = R} · u(xi − bi )
+ (1 − ρ) · Pr{bi = max{bi , γ̄(xj )} | θj = R} · u(xi − bi ).
Because the assumed equilibrium bid function of the fully rational type is strictly increasing,
there exists the inverse χ(b) := γ −1 (b) that maps a fully rational player’s bid b to the corresponding value x. The probability that player i outbids another fully rational bidder follows
as F (χ(bi )). Let G(b) denote the cumulative distribution function of bids submitted by the
boundedly rational type so that the probability of player i outbidding this type is G(bi ). By
markdown bidding as described by (5) together with the distribution of values F (x), we have
G(b) = b+r/2 for b ∈ [−r/2, (2 − r)/2]. Therefore, the maximization problem of fully rational
bidder i that competes with bid bi against an equilibrium bidder of unknown rationality type
is given by
max EUi = [ρ F (χ(bi )) + (1 − ρ) G(bi )] · (xi − bi )r .
bi

The first-order condition follows as
[ρF 0 (χ(bi ))χ0 (bi ) + (1 − ρ)G0 (bi )] (xi − bi )r − r [ρF (χ(bi )) + (1 − ρ)G(bi )] (xi − bi )r−1 = 0.
For a fully rational bidder i, it cannot be beneficial to deviate from the equilibrium strategy in
equilibrium; hence, xi = χ(bi ). Using this property and substituting for probability densities
yields the following differential equation whose solution (with an appropriate initial value to
be determined below) is the inverse of the equilibrium bid function of the fully rational type
χ(b):
r2
(21)
ρ [χ(bi ) − bi ] χ0 (bi ) = [(1 + r)ρ − 1] χ(bi ) + (1 + r)(1 − ρ)bi + (1 − ρ)
2
In equilibrium, a rational bidder with the smallest possible value of 0 never wins against
another rational bidder but only against boundedly rational bidders. With the distribution of
bids submitted by markdown bidders G(b), the optimal bid of rational bidder i with xi = 0
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Table 3 Convergence statistics for β3 from Equation (7).
ω
eff. size
psrf
0
79668 1.00000
50
80458 1.00000
all except 0
80000 0.99999

follows as10
γ(0) = −

r2
2(1 + r)

The initial condition follows as χ(−r2 /(2(1 + r))) = 0. Because differential equation (21)
is non-linear and non-autonomous, an explicit solution is not known in general. We can,
however, derive a good numerical approximation. Figure 3 shows the equilibrium bids for
different attitudes towards risk r and various population mixes ρ.
Note that for the special case ρ = 0, i.e. only markdown bidders, Equation 21 simplifies to
r2
(22)
2
implying for a rational bidder who optimises against a markdown bidder to bid according to
χ(bi ) = (1 + r)bi +

xi
r2
b(x) =
−
.
1 + r 2(1 + r)

(23)

C. Further estimation results
C.1. Estimating Equations (6)–(10)
To calculate the posterior distribution for Equations (6)–(10), we use JAGS 4.0.0 with 8
different chains, each with 5000 burnin steps. For each chain, we take 10000 actual samples.
The posterior distributions for each case are therefore based on 80000 actual samples.11 Table
3 provides the effective sample size and potential scale reduction factor (Gelman and Rubin,
1992) for β3 from Equation (7).

C.2. Estimates and Convergence for Equations (12)–(20)
For each treatment, we calculate posteriors separately, each time using JAGS with 8 different
chains, each chain with 5000 burnin steps. For each chain, we take 10000 samples with a
thinning parameter of 10. The posterior distributions for each treatment are therefore based
on 8 × 105 actual samples.12 Table 4 shows medians of the distribution for δc from Equation
19. Numbers are given as percentages. 95% credible intervals are given in brackets.
10

The maximization problem of rational bidder i with value xi = 0 is
max
bi

ρ · 0 + (1 − ρ) · G(bi ) · (0 − bi )r

where G(bi ) = bi + r/2 for bi ∈ [−r/2, (2 − r)/2] and the first-order condition follows as (−b)r − r(b +
r/2)(−b)r−1 = 0 and is necessary and sufficient for a unique maximum.
11
This took 5 minutes with 8 parallel threads on an i7-2600 CPU @ 3.40GHz.
12
This took 104 minutes with 8 parallel threads on an i7-2600 CPU @ 3.40GHz.
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Table 4 Medians of the distribution for δc from Equation 19.
treatment
RAND
MD
BNE
2%
45.7%
39.5%
-25
[0.1,10.4]
[24.3,65.4]
[19.1,65.3]
4%
22.5%
38.6%
0
[0.6,12.7]
[11.3,36.9]
[21.9,59.1]
5.2%
6.9%
81.6%
0+
[0.8,16.1]
[1.1,19.5]
[63.9,93]
8.9%
22.9%
23.1%
25
[2.1,22.3]
[9.1,41]
[11.3,50.7]
5.4%
28.3%
56.9%
50
[0.8,16.7]
[13.5,46.5]
[35.8,76.1]
5.2%
40%
30.8%
50+
[1.9,11.1]
[29.3,51.3]
[11.5,55]
1.2%
6.5%
50.2%
50II+
[0,6.1]
[0.3,25.3]
[34.6,65.2]

FLEX
9.3%
[0.4,33.9]
33.3%
[14.4,52.7]
4%
[0.2,18.5]
42.4%
[15.1,63.7]
6.5%
[0.2,26]
22.7%
[2.4,47]
40.1%
[21.6,57.8]

Numbers are given as percentages. 95% credible intervals are given in brackets.

Table 5 psrf and effective sample size for δc from Equation 19.
potential scale reduction factor
effective sample size
treatment RAND MD BNE FLEX
RAND
MD BNE FLEX
-25
1.00 1.00 1.03
1.07
72681 40027 4712
2693
0
1.00 1.00 1.00
1.00
79159 38799 2593
2510
0+
1.00 1.00 1.01
1.01
78213 40623 16203
8860
25
1.00 1.00 1.00
1.00
79006 44241 2639
3357
50
1.00 1.00 1.00
1.01
80335 48610 2704
1040
50+
1.00 1.00 1.00
1.00
79004 49683 1729
1684
50II+
1.00 1.00 1.00
1.00
73288 12183 65774 20946
The left part of Table 5 shows the potential scale reduction factor for δc . The right part
shows the effective sample size.

D. Conducting the experiment and instructions
Participants were recruited by email and could register for the experiment on the internet.
At the beginning of the experiment, participants drew balls from an urn to determine their
allocation to seats. Being seated, participants then obtained written instructions in German.
In the following, we give a translation of the instructions.
After answering control questions on the screen, subjects entered the treatment described in
the instructions. After completing the treatment, they answered a short questionnaire on the
screen and, then, were paid in cash. The experiment was conducted with z-Tree, (Fischbacher
(2007)).
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D.1. General information
You are participating in a scientific experiment that is sponsored by the Deutsche Forschungsgemeinschaft (German Research Foundation). If you read the following instructions carefully,
then you can—depending on your decision—gain a considerable amount of money. It is, hence,
very important that you read the instructions carefully.
The instructions that you have received are only for your private information. During the
experiment, no communication is permitted. Whenever you have questions, please
raise your hand. We then answer your question at your seat. Not following this rule leads to
exclusion from the experiment and all payments.
During the experiment, we do not talk about Euro, but about ECU (Experimental Currency
Unit). Your entire income is first determined in ECU. The total amount of ECU that you
have obtained during the experiment is converted into Euro at the end and paid to you in
cash. The conversion rate is shown on your screen at the beginning of the experiment.

D.2. Information regarding the experiment
Today you are participating in an experiment on auctions. The experiment is divided into
separate rounds. We conduct 12 rounds. In the following, we explain what happens in each
round.
In each round, you bid for an object that is auctioned. Together with you, another participant
also bids for the same object. Hence, in each round, there are two bidders. In each round,
you are allocated randomly to another participant for the auction. Your co-bidder in the
auction changes in every round. The bidder with the highest bid obtains the object. If bids
are the same, the object is allocated randomly.
For the auctioned object you have a valuation in ECU. This valuation is between x and x + 50
ECU and is determined randomly in each round.13 The range from x to x + 50 is shown to
you at the beginning of the experiment on the screen and is the same in each round.14 From
this range you obtain new and random valuations for the object in each round.
The other bidder in the auction also has a valuation for the object. The valuation that the
other bidder attributes to the object is determined by the same rules as your valuation and
changes in each round, too. All possible valuations of the other bidder are also in the interval
from x to x + 50 from which also your valuations are drawn. All valuations between x and
x + 50 are equally probable. Your valuations and those of the other player are determined
independently. You will be told your valuation in each round. You will not know the valuation
of the other bidder.
13

In the 0+ and 50+ treatments the valuation would be announced precisely: “This valuation is between 0
and 50 ECU” in the 0+ treatment and “This valuation is between 50 and 100 ECU” in the 50+ treatment.
Whenever x is mentioned in the remainder of the instructions, the same comment applies: In the 0+ and
50+ treatments the valuation is always announced precisely.
14
This sentence was not shown in the 0+ and 50+ treatments, although in all treatments the range was shown
on the screen.
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D.2.1. Experimental procedure
The experimental procedure is the same in each round and is described in the following. Each
round in the experiment has two stages.

1. Stage
In the first stage of the experiment, you see the following screen:15
Round:

1 of 12

Remaining time [sec]: 113

You receive 0 ECU if you make the smallest bid in an auction
The other bidder receives 0 ECU if he makes the smallest bid in the auction
Your valuation will be a number between x and x + 50
The valuation of the other bidder will be a number between x and x + 50.
Bid [ECU]
120
110
100
90
80
70
60
50
40
30
20
10
0
-10
-20
-30
-40
x + 10
x

Please indicate your bidding function depending
on the valuation that is still going to be
determined
For a valuation of
x ECU I bid:
For a valuation of x + 10 ECU I bid:
For a valuation of x + 20 ECU I bid:
For a valuation of x + 30 ECU I bid:
For a valuation of x + 40 ECU I bid:
For a valuation of x + 50 ECU I bid:

Draw bids
x + 20 x + 30
Valuation [ECU]

x + 40

x + 50

Finish input stage

At that stage you do not know your own valuation for the object in this round. On
the right side of the screen, you are asked to enter a bid for six hypothetical valuations
that you may have for the object. These six hypothetical valuations are x, x + 10, x + 20,
x + 30, x + 40, and x + 50 ECU. Your input into this table will be shown in the graph on the
left side of the screen when you click on “draw bids”. In the graph, the hypothetical valuation
is shown on the horizontal axis, the bids are shown on the vertical axis. Your input in the
table is shown as six points in the diagram. Neighbouring points are connected with a
line automatically. These lines determine your bid for all valuations between the six points
for those you have made an input. For the other bidder, the screen in the first stage looks the
same and there are as well bids for six hypothetical valuations. The other bidder cannot see
your input.

2. Stage
15

In the 0+ and 50+ treatments the interval was already shown exactly in the instructions and consistently
also in the graphs in the instructions. In the other treatments, the interval x to x + 50 was, as you see in
the figure, described as x to x + 50 on the horizontal axis. From the first round of the experiment on, the
current numbers were given. Similarly, we used in the instructions a range of [−40, 120] for the vertical
axis. Once the range of valuations was revealed in the experiment, we use a vertical axis from -50 to 120
in all treatments allowing for negative bids and from 0 to 120 in all treatments with non-negative bids (see
Footnote 7).
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The actual auction takes place in the second stage of each round. In each round, we play not
only a single auction but five auctions. This is done as follows: Five times a random
valuation is determined that you have for the object. Similarly for the other bidder five
random valuations are determined. You see the following screen:16
Round:

1 of 12

Bid [ECU]
120
110
100
90
80
70
60
50
40
30
20
10
0
-10
-20
-30
-40
x + 10
x

Remaining time [sec]: 113

You receive 0 ECU if you make the smallest bid in an auction
The other bidder receives 0 ECU if he makes the smallest bid in the auction
Your valuation will be a number between x and x + 50
The valuation of the other bidder will be a number between x and x + 50.
Auction 1:
Your randomly determined valuation is . . . ECU.
According to your entered bidding function you make a bid of . . . ECU.
You entered the larger bid.
Your income from this auction is . . . ECU.
Auction 2:
Your randomly determined valuation is . . . ECU.
According to your entered bidding function you make a bid of . . . ECU.
You entered the larger bid.
Your income from this auction is . . . ECU.
Auction 3:
Your randomly determined valuation is . . . ECU.
According to your entered bidding function you make a bid of . . . ECU.
You entered the smaller bid. The other bidder has made a bid of . . . ECU.
Your income from this auction is . . . ECU.
Auction 4:
Your randomly determined valuation is . . . ECU.
According to your entered bidding function you make a bid of . . . ECU.
You entered the smaller bid. The other bidder has made a bid of . . . ECU.
Your income from this auction is . . . ECU.
Auction 5:
Your randomly determined valuation is . . . ECU.
According to your entered bidding function you make a bid of . . . ECU.
x + 20 x + 30 x + 40 x + 50
You entered the larger bid.
Valuation [ECU]
Your income from this auction is . . . ECU.

Your income from all auctions in this round is . . . ECU

Continue with the next round

For each of your five valuations, the computer determines your bid according to the graph
from stage 1. If a valuation is precisely at x, x + 10, x + 20, x + 30, x + 40, or x + 50 the
computer takes the bid that you gave for this valuation. If a valuation is between these points,
your bid is determined according to the joining line. In the same way, the bids of the other
bidder are determined for his five valuations. Your bid is compared with the one of the other
bidder. The bidder with the higher bid obtains the object.

Your income from the auction:
For each of the five auctions the following holds:
• The bidder with the higher bid obtains the valuation he had for the object in this auction
added to his account minus his bid for the object.
• If the bidder with the higher bid has a negative valuation for the object, the ECU account
is reduced by this amount.17
16

In the instructions, the following figure was shown. This figure does not show the bidding function in the
graph and the specific bids, gains and losses that would be shown during the experiment.
17
This item is not shown in the 0+ and 50+ treatments.
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• If the bid of bidder with the higher is a negative number, the amount is added to his
ECU account.18
• The bidder with the smaller bid obtains no income from this auction.
You total income in a round is the sum of the ECU income from those auctions in
this round where you have made the higher bid.
This ends one round of the experiment and you see the input screen from stage 1 again in the
next round.
At the end of the experiment, your total ECU income from all rounds will be converted into
Euro and paid to you in cash together with your Show-Up Fee of 3.00 Euro.
Please raise your hand if you have questions.

Note that, in order to be able to use same instructions for all treatments, we mention the possibility
of negative valuations in all, except the 0+ and 50+ treatments, even if subjects learn later that their
valuation is drawn from an interval that contains only positive numbers.
18
This item is not shown in the 0+ and 50+ treatments.
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