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Abstract

We studya modelof local evolution in which agentdocatedon a network interactstrate-
gically with their neighboursStratgiesarechoserwith the help of learningrulesthatare

themselesbasedon the succes®sf stratgiesobseredin the neighbourhood.

Previous work on local evolution assumedixed learningruleswhile we studylearning

rulesthataredeterminecendogenously

Simulationsindicate that endogenougearning rules put more weight on a learning
players own experiencethan on the experienceof an obsered neighbour Nevertheless

stagegamebehaiour is similar to behaiour with symmetriclearningrules.
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1 Introduction

In this papemwe intendto studyhow strategjiesandlearning? rulesevolve simulta-
neouslyin alocal environment.Modelsof local evolution of stratgieswith fixed
learningruleshave beenstudiedoy Axelrod(1984,p. 158f), LindgrenandNordahl
(1994),Nowak andMay (1992,1993),Nowak, Bonhoefer andMay (1993),Eshel,
SamuelsomndShaled (1998),andKirchkamp(1995).In thesemodelsplayersei-
therimitate the stratgy of the mostsuccessfuheighbouror the stratgy with the
highestaveragesucces#n their neighbourhoodespectiely. Both rulesareplausi-

ble andleadto the survival of cooperatiorin prisoners’dilemmas.

However, this phenomenomependon the learningrule assumedOtherlearning
rules,for instanceplayersthatimitate agentswith probabilitiesproportionalto the
succes®f obsered stratgies,do not leadto cooperationProportionalimitation
rulesare arguably plausiblesincethey are optimal whenall membersof a popu-
lation areequallylik ely to interactwith eachother(a finding obtainedby Borgers

andSarin(1995)andSchlag(1993,1994)).

Sincelocalevolutionarymodelsaremoresensitvethanglobalmodelsto thechoice
of learningruleswe haveto take specialcare.ln contrasto Borgers,Sarinor Schlag
we will notlook for optimalrules.Insteadwe will useanevolutionaryprocessiot
only to selectstratgyiesbut to selectlearningrulesaswell. A resultof our study
will bethatlocal evolution doesnot corvergeto the optimal global solutionfound

by Borgers,Sarinor Schlag.

mousrefereesandseveralseminarmarticipantdor helpfulandstimulatingcomments.
2 We have in mind herea descriptve definition of learningin the senseof a (persistent)

changeof behaioural potentiality(seeG. Kimble (Hilgard, Marquis,andKimble 1961)).
Werestrictourattentiorto very simplelearningrules.In particularwe donotaimto provide

amodelof learningasa cognitve process.



We shall studya modelwhereplayershave fixed positionson a network andwho
changeheir strategy usinga rule thatis basedonimitation. Hence,our modelhas
elementsn commonwith Axelrod(1984);Nowak andMay (1992,1993),Nowak,
Bonhoefer andMay (1993),Eshel, SamuelsonShaled(1998),Kirchkamp(1995),
andLindgrenandNordahl(1994).However, while thesewritersassumeplayersto
usefixedlearningruleswe shallallow playersto changetheir learningrule using
a procesghatis basedon imitation. We will neitherallow playersto travel® nor
to optimise® . We will find thatwhile endogenoutearningrulesaredifferentfrom

thoseassumedby theabove authorsstagegamebehaiour is notaffectedtoo much.

In section2 we describea modelof local endogenousvolution of learningrules.
In section3 we discusspropertiesof theselearningrules. Section4 analyseghe
dependencef our resultson parameter®f the model.In section5 we thenstudy
the implication of endogenougearningfor the stagegamebehaiour. Section6

concludes.

2 TheModd

2.1 Overviav

In the following we study a populationof players,eachoccugying onecell of a
torusof sizen x n wheren is between5 and 200. Playersplay gameswith their
neighbourson this network, learnrepeatedyamestratgiesfrom their neighbours

andupdatetheir learningrule usinginformationfrom their neighbours.

3 SeeSaloda(1971),Schelling(1971),Hegselmanr(1994),Ely (1995).
4 SeeEllison (1993),Saloda(1971)andSchelling(1971).



2.2 Stagge Games

Playersplay gameswithin neighbourhoodw/hich have oneof the shapeshowvn in

figurel.
[Fig. 1 abouthere.]

A player(markedasa blackcircle) mayonly interactwith thoseneighbourggray)
which live no morethanr; cells horizontally or vertically apart® In eachperiod
interactionsamongtwo neighbouringplayerstake placeindependentlyfrom all
otherswith probability p;. Hence,in a given period playersmay have different
numbersof interactions A typical valuefor p; is 1/2. We considervaluesfor p;

rangingfrom 1/100to 1 to testtheinfluenceof this parameter

We assumeahatgameswhich are playedamongneighbourschangeevery tg peri-
ods.® Changinggamedorceplayersto adaptand,hence)earningrulesto improve.
We presentesultsof simulationsvheretg rangedrom 200to 20000periods Once
anew gameis selectedall neighboursn our populationplay the samesymmetric

2 x 2 gamewith thefollowing form:

Playerll

Player D
I

C

Whennewn gamesare selectedoarameterg andh arechoserrandomlyfollowing
a uniform distribution over the intervals —1 < g < 1 and -2 < h < 2. We can

visualisethe spaceof gamesdn atwo-dimensionagraph(seefigure 2).

5 Thesubscripi will beusedin the context of individual interactions.
6 ThesubscriptG will beusedto denotechangesn the underlyinggame.



[Fig. 2 abouthere.]

Therangeof gameslescribedy —1 < g < 1and—2 < h < 2 includesbothprison-

ers’ dilemmasandcoordinationgamesAll gameswith g € (—1,0) andh € (0,1)

areprisoners'dilemmasDDpp ’ in figure?2), all gameswith g > —1 andh < 0 are

coordinationgamesin figure 2 equilibrium strategyiesaredesignateavith CC, CD,
risk

DC andDD. Thesymbol > denotesisk dominancdor gameghathave several

equilibria.

2.3 RepeatedsameStrategies

We assumehateachplayerusesa singlerepeatedjamestrateyy againsill neigh-
bours.Repeatedjamestratgjiesarerepresenteds(Moore) automatavith a max-
imal numberof statesof one,two, three,or four®. For mary simulationswe limit

the numberof statedo lessthanthree.

7 Gameswith g € (—1,0) andh > 1 will not be called prisoners’dilemmassinceCC is

Paretodominatedoy alternatingoetweerCD andDC.
8 Each'state’ of a Moore automatoris describedwith the help of a stage-gamstratey

and a transitionfunction to eitherthe sameor ary otherof the automators states.This
transitiondependon the opponens stage-gamstratgy. Eachautomatorhasone‘initial
state’thatthe automatorenterswhenit is usedfor thefirst time.

Thereare2 automatawith only onestate(oneof theminitially playsC andremainsn this
statewhatever theopponentdoesithe otheralwaysplaysD).

Thereare26 automatawith oneor two statesFor example'grim’ is atwo-stateautomaton.
In theinitial stateit playsC. It staysthereunlesgheopponenplaysD. Thentheautomaton
switchesto the secondstate whereit playsD andstaysthereforever. Otherpopulartwo-
stateautomatanclude‘tit-for -tat’, ‘tat-for-tit’, etc.

The setof all automatawith lessthanfour statescontains1752 differentrepeatedyame

stratgies.The setof all automatawith lessthanfive statesalreadyhassize 190646.



2.4 LearningRules

Fromtime to time a playerhasthe opportunityto revise his or herrepeatedjame
stratgy. We assumethat this opportunityis a randomevent that occursfor each
playerindependentlyat the endof eachperiodwith a certainprobability. Learning
probabilitieswill bedenotedl/t, andrangefrom 1/6to 1/120.t, thendenoteghe
averagetime betweertwo learningevents® Hence Jearningoccurslessfrequently
thaninteraction.Still, learningoccursmore frequentlythan changesof the stage

gameandupdatesf thelearningrule itself (seebelow).

Whenaplayerupdatesherepeatedjamestrategy he or sherandomlysamplesne
memberof the neighbourhoo@ndthenappliestheindividual learningrule. In one
respecthisapproachs simplerthantherulesdiscusseth theliteraturel® whichsi-
multaneouslhyuseinformationon all neighbourdrom thelearningneighbourhood.
To facilitatecomparisorwith the literatureandasan extensionof the basemodel
we study endogenousnulti-playerrulesin section4.1. We find that endogenous
multi-playerruleshave propertiesthat are very similar to our endogenousingle-
playerrules.To furtherfacilitatecomparisorwith theliteraturewe studyfixedsin-
gle playerrulesin section5 andfind thatthey arevery similar to the corresponding

fixedmulti-playerrulesfrom theliterature.

Learningoccursin neighbourhood#hich have the sameshapeasneighbourhoods

for interaction(seeagainfigure 1). We denotethe size of the neighbourhoodor

9 ThesubscriptL will beusedin thecontet of change®f stratgjies(eitherthroughlearn-

ing or throughmutation).
10 seeAxelrod (1984, p. 158f), Lindgrenand Nordahl (1994), Nowak and May (1992,

1993), Nowak, Bonnhoefer, and May (1993), Eshel, Samuelsonand Shaled (1998),
Kirchkamp(1995).



learningwith thesymbolr, .
A playerslearningrule usesthefollowing information:

(1) Thelearningplayersrepeatedjamestratey.

(2) The own payof ugyw, obtainedwith this players repeatedgame strateyy,
i.e. the averagepayof per interactionwhile usingthis repeatedgamestrat-
egy.

(3) A sampledblayersrepeatedjamestratey.

(4) The sampledplayers repeatecdamestratgly payof usamp i.€. the average
payof perinteractionthatthe playerobtainedwhile usingthis repeatedjame

strat@y.

Learningrulesarecharacterisedby a vectorof threeparametergag, a;,a,) € 03
Givenalearningrule (&g, 41, 82) alearningplayersample®neneighboursstrateyy

andpayof andthenswitchesto the sampledstrateyy with probability

P(Uown, Usamp = (80 + &1Uown + &2Usamp (1)

where(-) is definedas
1 ifx>1
(X):=<¢0 ifx<0 . (2)

X otherwise

Uown @andusampdenotethe players andthe neighbours payof.

Thus,thetwo parameteré; andé; reflectsensitvities of the switchingprobability
to changesn the players andthe neighbours payof. The paramete@ reflectsa
generareadiness$o changeo new stratgies.This canbeinterpretedasahigheror
lower inclination to try somethingnew. Choosing(&p, 41, 8,) a playerdetermines

threerangesf payofs: Onewhereswitchingwill neveroccur(i.e. p(Ugwn, Usamp =



0), asecondonewherebehaiour is stochastidi.e. p(Ugwn, Usamp € (0,1)), anda

third onewhereswitchingalwaysoccurs(i.e. p(Ugwn, Usamp = 1).

Of course,oneor eventwo of theserangesmay be empty Our specification,n-
deed,allows for threetypesof rules: Ruleswhich are (almost)always determin-
istic, ruleswhich alwaysbehae stochasticallyandruleswhich reactdeterminsti-
cally for somepayofs and stochasticallyfor others.An exampleof a determin-
istic rule (‘switch if better’)is (&o,41,82) := (0,—a,a) with a — c. An exam-
ple of arule thatalwaysimplies stochastidoehaiour for the gamegivenabove is

(80,81, 82) = (1/2,—& @) with 1/(48) > max(|g, ], 1).

Our parametefy is similar to the aspirationlevel A from the globalmodelstudied
in BinmoreandSamuelsor§1994).However, thelearningrulesstudiedin Binmore
andSamuelsorarenot specialcaseof ourlearningrules,sincetheir decisionsare
perturbedby exogenousnoise.ln casesvherethis noiseterm becomesmall our
rule approximatedBinmore and Samuelsor(1994) with (&g,41,4,) := (A, —a,a)

anda — oo.

2.4.1 Normalisation

We mapparameters$d, a;,8,) € 03 into (ap, a1, a2) € [0, 1] usingthe following

condition(seealsofigure 3):

4= tan(nai _ g) Vi € {0,1,2}. 3)

[Fig. 3 abouthere.]
Evolution operateson the normalisedvalues(ag,a;,a;) € [0,1]° in order not to

rule outdeterministiaules:Learningrulesfrom theliteratureareoftendeterminis-

tic. They canberepresentedsruleswhoseparametevaluesg; areinfinitely large



or small. Sinceour evolutionary processis modeledin finite time it can hardly
convergeto infinite values.However, it could corverge to finite valuesof our nor-

malisationandstill denotedeterminstiqules.

2.4.2 Mutationsof RepeatedsameStratggies

We introducemutationsof repeatedyamestratgiesto shav that simulationsare
particularlyrobust. However, aswe seein section4, we do not needmutationsfor

ourresults.

When a player learnsa repeatedgamestratgy, sometimeghe learningprocess
describedaborve fails anda randomstratey is learnednsteadln this caseary re-
peatedyamestrataeyy, asdescribedn section2.3,is selectedvith equalprobability.
Sucha ‘mutation’ occurswith a fixed probability m_. We considemmutationrates

betweerD and0.7.

2.5 ExagenousDynamicsthat Select_earningRules

Fromtime to time playersrevise their learningrules.We assumehat playersup-
datelearningrulesindependentlywith probability 1/t, in eachperiod.t,, hence,
denoteghe averagetime betweerntwo updates'! We considerearningratesl/t,
amongl/40000to 1/400.If notmentionedtherwisel /t, = 1/4000.In particular
updatesof learningrulesoccurmorerarely than updatesof stratgiesor changes
of gamesGiventhatupdatesof learningrulesdo notoccurvery oftenit is reason-
ableto assumehat playersmalke a larger effort to updatelearningrules: Firstly,

all neighboursare sampled(and not only a single neighbouras for updatesof

1 The subscripu will beusedto denotechange®f learningrules(eitherthroughlearning

or throughmutation).



stratgyies). Secondly the sampleddatais evaluatedmore efficiently, now using

aquadraticapproximation.

Theshape®f theneighbourhoodthatareusedto updatdearningrulesaresimilar
to thoseusedfor interactionandlearning(seefigure 1). We denotethe size of the

neighbourhoodor updatef learningruleswith the symbolr,,.

A playerwho updateshis or herlearningrule hasthefollowing informationfor all

neighboursndividually (includinghim- or herself):

(1) The(normalisedparametersf their currentlearningrulesag, a, ap.
(2) Theaveragepayofs perinteractionthatthe playersobtainedwhile their cur-

rentlearningrule wasusedu(ap, a1, ay).

To evaluatethis informationwe assumethat playersestimatea model that helps
themexplainingtheir ervironment,in particulartheir payofs. Playersusethe esti-
matedmodelto choosean optimallearningrule. To describethis decisionprocess
we assumehatplayersapproximatea quadratidunctionof thelearningparameters
to explain how successfulearningrulesare.Formally the quadraticfunction can

bewritten asfollows:

U(ao,a1,82) =C+ (80,81,82) | p, |+

10
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Playeramake anOLS-estimatiorio derivetheparametersf thismodel(e describes
thenoise).We choosea quadratidunctionbecausdt is oneof the simplestmodels
which still hasan optimum. Similarly we assumethat playersderie this model
usinganOLS-estimatiorbecaus¢hisis asimpleandcanonicalway of aggreating
theinformationplayershave. We do not wantto be takentoo literally. We wantto
modelplayersthatbehae asif they would maximisea quadraticmodelwhich is

derivedfrom an OLS-estimation.

Given the parametergc, bg, b1,b2, 000, ...,022) Of the estimatedmodel, players
choosehetriple ag, a3, ap thatmaximisesu(ag, az, az) s.t. (ap,a1,a2) € [0, 1]3. We
find thatin 99% of all updatesthe Hessianof u(ap,as,ap) is negative definite,
i.e. u(ap,a1,a2) hasa uniquelocal maximum.In the lessthan 1% of all updates
remainingthe quadraticmodel might be unreliable.In this caseplayerscopy the

mostsuccessfuheighbour

Figure4 shows (only for onedimensionanexampleof asampleof severalpairsof
parameteg; andpayof u (blackdots)togethemwith theestimationof thefunctional

relationship(grey line) betweerg; andu.

[Fig. 4 abouthere.]

11



2.5.1 Mutationsof LearningRules

We introducemutationsof learningrulesto show thatour simulationresultsarero-
bust.However, aswe shav in section4, we do not needmutations Resultswithout

mutationsarevery simularto resultswith a smallamountof mutations.

Whenaplayerupdatesis or herlearningrule, with asmallprobabilitym it is not
the above describedupdateschemewhich is used,but the playerlearnsa random
learningrule. Thisruleis choserfollowing auniformdistributionover (ag, a1, ap) €
[0, 1]3, which is equivalentto a randomand independentelectionof &, a;, &
following eacha Cauchydistribution. We considermutationratesfor learningmg

betweerD and0.7.

2.6 Initial Configuation

At the beginning of eachsimulationeachplayerstartswith arandomlearningrule
thatis choserfollowing a uniform distribution over (ag, a1, &) € [0,1]3. Thus,ini-

tially, the parametersy, 4;, 4, aredistributedindependentlyfollowing a Cauchy
distribution. Hence,in the first period expectedvaluesof the parameterf the

learningrules are 4, = & = 4z = 0. Each player startswith a randomrepeated

gamestratey, following a uniform distribution over the availablestrateies.

3 Resultswith Endogenous L earning Rules

3.1 Distributionover LearningParametes

Figure5 displaysaveragesover 53 simulationson a 50 x 50 grid, eachlastingfor

400000periods.

12



[Fig. 5 abouthere.]

Figure5 shows two differentprojectionsof (ag, a1, az). The left partdisplaysthe
distribution over (a3, ap), theright partover (ag,a; + a2). Axesrangefrom O to 1
for ag, a1, anday; andfrom 0 to 2 in the caseof a; + ap. Labelson the axesdo
notrepresenthe normalisedvaluesbut &g, 4;, 8, insteadwhich rangefrom —oo to

+m. 12
Both picturesarea densityplot andatableof relative frequencies:

Density plot: Differentdensitiesof the distribution are representedby different
shade®f grey. The highestdensityis representetly the darkestgrey. 12

Table of relative frequencies. The picturesin figure 5 alsocontainatableof rel-
ative frequenciesThe left pictureis dividedinto eightsectorstheright picture
is divided into six rectanglesThe percentagesvithin eachsectoror rectangle
representheproportionof playersthatusealearningrule with parameters the

particularrange.

Theleft partof figure5 shavs that,while playersaresensitve to their own payof,

they aresubstantialljesssensitve to obsernedpayofs.

12 The scalingof all axesfollows the normalisationgivenin equation3. Hence the value
“&1 + &" actuallyrepresent® - tan(tt- (a1 + a2) /2 — 11/2) andnot &; + &,. In the current

context this differenceis negligible.
13 Densitiesare derived from a table of frequencieswith 30 x 30 cells for eachpicture.

We maplogsof densitiedgnto differentshade®f grey. Theintenal betweerthe log of the
highestdensityandthe log of 1% of the highestdensityis split into sevenrangesof even
width. Densitieswith logsin thesameintenal have the sameshadeof grey. Thus,thewhite
arearepresentslensitiessmallerthan1% of the maximaldensitywhile areaswith darker
shade®f grey representlensitiedargerthan1.9%,3.7%7.2%,14%,27%and52%of the

maximaldensity

13



Sensitivity to own payoffs. Giventhatwe startwith a uniform distribution of a;
and ap, figure 5 initially would look like a smoothgrey surface without arny
mountainsor valleys. During the courseof the simulationslearningparameters
changesubstantiallySimilarto mary learningrulesdiscussedn theliterature'#
4 is oftencloseto —co.

Insensitivity to sampled payoffs. The left part of figure 5 shavs that 96.3% of
all playersuselearningruleswith |&;| < |&1], i.e. rulesthat are more sensitve
to own payof thanto sampledpayof. Notice thatthe initial distribution over
parametersf thelearningrule impliesthat50%of all rulesfulfil |8 < |&].

We describethis kind of behariour as‘suspicious™® in the following sense.
Thesucces®f aneighboursrule maydependn playerswho areneighboursof
the neighbouy but not neighboursof the player A ‘suspicious’playerbehaes
like somebodywho ‘fears’ thatthe sampledneighbours experiencecannot be

generalisedo applyto the players own case.

3.2 Probabilitiesof switching to a sampledearningrule

The learningrulesasspecifiedin equationl determineprobabilitiesof switching
to theobsenedrepeatedjamestratgyy. Figure6 showns the cumulatve distribution

of theseprobabilities 1

[Fig. 6 abouthere.]

14 SeeAxelrod (1984, p. 158f), Lindgrenand Nordahl (1994), Nowak and May (1992,
1993), Nowak, Bonnhoefer, and May (1993), Eshel, Samuelsonand Shaled (1998),

Kirchkamp(1995).
15 Of coursepur agentscanonly behae asif they hadfeelingslik e suspicion.
16 This figure is derived from a tableof frequenciesvith 30 cells. The scalingof the hori-

zontalaxisfollows the normalisatiorgivenin equation3.

14



The horizontalaxis representsig + &;Uown + d2Usamp Following the learningrule
1 a player switchesstodastically with probability &g + &;Uown + 82Usamp if this
expressions betweerzeroandone.Otherwisethe playereitherswitcheswith cer-

tainty or notat all.

Figure 6 shaws that only in about12% of all learningeventsO < &g + &1Ugwn +

dUsamp< 1, thismeanghatin only 12%of all learningeventsa player’s decision
is astochastione.Ourendogenousulesareneitherfully stochasti¢asthosefrom

Borgers, Sarin (1995) and Schlag(1993)) nor fully deterministic(asthosefrom

Axelrod(1984,p. 158f), Nowak andMay (1992),etc.).

3.3 Comparisorwith otherLearningRules

Above we mentionedwo referencepointsfor learningrules: Thoselearningrules
thatareassumedo be exogenousandfixedin theliteratureon local evolution and

rulesthatturn outto be optimalin a global setting.

Let usstartwith theexogenousulesthatareassumedh theliteratureonlocal evo-
lution. We have seenthatthe exogenousfixed rulesmay be similar to the endae-
nouslearningrulesin the sensehatsmallchangesn the player’s own payof may
leadto drasticchangesn the probability of adoptinga new stratgy. Endogenous
learningrulesdiffer from thosestudiedin partsof theliteratureon local evolution
in thesensehatchangesn anobservedlayer’s payof leadto smallerchangesn

the probability of adoptinga new stratey.

Let us next compareour endogenousules with thoserules that are seento be
optimal in a global setting!’. As we have seen,our rules differ in two respects

from thosethatare optimalin a global model.Firstly, asdiscussedn section3.1,

17 SeeBorgersandSarin(1995),Schlag(1993,1994).
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they aremoresensitveto changesn alearningplayer’s own payof thanto changes
in anobsened neighbours payof. Secondlyasmentionedn section3.2, players
following endogenousulesquite often switch with certainty Why is the outcome

of our evolutionaryprocesssodifferentfrom optimalrules?

A highersensitvity to a players own payof ascomparedo an obsened neigh-
bour’s payof canberelatedto the local structure Stratgiesthatare successfuin
aneighbours neighbourhoodnay be lesssuccessfuin a players own neighbour
hood.Thereforeaneighbours payof is alessreliablesourceof informationthana

players own payof.

Optimal learningrules always switch stochasticallyin orderto evaluateinforma-
tion slowly but efficiently. Even small differencesin payofs are translatedinto
differentbehaiour. Learningslowly is not harmful in Borgersand Sarins or in
Schlags model. Their playersdo not care whetherthe optimal stratgy is only
reachedafteraninfinite time. In our evolutionaryprocesshowever, discountings
involved throughthe regular updateof learningrules.Learningrulesthat quickly
achieve sufficiently good resultsoutperformrulesthat slowly approachthe opti-
mum. Evolution of learningrules at a speedthat is more than infinitesimal may

leadto deterministidoehaiour.

4 Dependence on Parameters

Our commentsso far have beenbasedon a particular parametercombination.
Changingthe parametershowever, doesnot affect our main results.We will con-
sideranalternatve rule to sampleneighboursn sectiord.1. We will studychanges

in theotherparameter# sectiord.2.

16



4.1 TheSelectiorRule:SamplingRandomlyor Selectively

Above we assumedhat playerslearn repeatedjamestratgjiesfrom a randomly
sampledplayer Onemight, however, objectthat playerscould be morecarefulin

selectingtheir samples As a benchmarkcaselet us assumein this sectionthat
playerssamplethe mostsuccessfuheighbouyi.e. the neighbourwith the highest
payof perinteractionfor the currentrepeatedyamestratgy, measuredver the

lifetime of therepeatedjamestratayy.

Figure7 shavsadistributionover (ag, a1, a2), projectednto theas, a, andag, a; +

ap spacesimilarto figure5.

[Fig. 7 abouthere.]

While thepictureis morenoisythanfigure5 thepropertieof learningrulesarethe
sameasin section3.1. Playersare quite sensitve to changesn their own payof

but lesssensitve to changesn the sampledheighbourspayof.

We suspecthatthe additionalnoisestemsfrom the reducedevolutionarypressure
onlearningrules.Sinceonly ‘best’ rulesareavailable,identifying goodrulesis too
easy In figure 7 we obsere a clusterof learningruleswith valuesof &, closeto
+o0. Theserulesapparentlyfollow a ‘just copy whaterer you see’ stratey. This
might bereasonablesince‘'whatever you see’is alreadythe bestavailablestratay

in your neighbourhoodinderthis selectiorrule.

4.2 OtherParameterChangs

Figure 8 shaws the effect of variouschangesn the otherparametersWe always

startfrom the samecombinationof parametergasa referencepoint andthenvary

17



oneof the parameterskeepingall the othersfixed. The referenceoointis a simu-
lation on atorusof size50 x 50, wheretheinteractionneighbourhoo@ndlearning
neighbourhoodoth have the samesizer; = r. = 1 while the neighbourhoodhat
is usedwhenupdatingthe learningrule hassizer, = 2. To learna new repeated
gamestratgy playersrandomlysamplea neighbour Learningoccurson average
everyt, = 24periodst®. Theunderlyinggameis changedverytg = 2000periods.
Playersupdatetheir learningrule on averageevery t, = 4000periodst®. The mu-
tationratefor learningaswell asfor updateof learningrulesis m_ = m, = 1/100.
Simulationdastfor ts = 40000 periods2® Thus,exceptfor the simulationlength,

parameterarethe sameasthosefor figure5.
[Fig. 8 abouthere.]

Figure8 shavsaverage$! of 4; andé, for variouschangesn theparametersEach
dotrepresenta parametecombinatiornthatwe simulated.To make theunderlying
patternclearey dots are connectedhroughinterpolatedsplines.The white dot in

eachdiagramepresentmea\/erage/alue(§1 =-1.89,8,= 0.30)for thereference

setof parameterslescribedabove. Theline & = —4&; is markedin grey.

The mainresultis thatfor all parametecombinationswve find relative sensitvity
to the players own payofs, andinsensitvity to obsenedpayofs. In particularthe

averages% < —& for all parametecombinationghatwe simulated.

18 Remembethatwe assumdearningto be anindependentandomevent that occursfor

eachplayerwith probability1/t, .
19 We alsoassumaupdateof learningrulesto be anindependentandomeventthatoccurs

for eachplayerwith probability 1/t,.
20 Thesubscripts will beusedto denotethelengthof the simulation.
21 Theseare arithmeticaveragesof a; anday, taken over 20 different simulationsruns,

which arerandomlyinitialised. The averagevaluesof a; anda, arethentransformednto

4, and&, usingequation3.
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Noticethatwe do not needmutationsfor our results.However, the simulationsare
robust with respectto mutations.To shav that we can dispensewith both kinds
of mutationssimultaneouslywe ran a simulationwherem_ = my, = 0 and shaw
theresultin the graph‘mutation of learningrules’in table1 with a smalltriangle.
While learningon averagdeadsto a smallervalueof &, we still have 52 < —51. On
the otherhand,we canintroducequite large probabilitiesof mutations(up to 0.7)

andstill have &, < —4;.

Letusnow discusghesensitvity of learningrulesto parametersf theevolutionary
processn moredetail. We distinguishthreedifferentclassef parametershose
whoinfluencerelativelocality, relative speedandrelative noiseof theevolutionary
processWe will seethatparametervaluesthatdescribea slow or noisyprocess,
causethe distribution over the parameter®f the learningrule to remaincloseto
the initial distribution. Parametersaluesthat describea lesslocal situation (for
examplethe interactionradiusis large, suchthat almosteverybodyinteractswith

everybodyelse)causeésuspicious’behaiour to disappeagradually
Table1l summariseshe effectsof the parametersn thesethreedimensions.
[Tablel abouthere.]

Let usbriefly discusssomeof the dependenciesn parameters:

4.2.1 Locality

In thefollowing paragraptwe will explainin whichway the parameterss, t., m_,
r_, C, andn influencediversity of players,andhence Jocality of the evolutionary
processMorelocality makesaplayers own experiencemoreimportant,hencethe

playerwill bemore‘suspicious’.Thus,theratio &; /é; will besmaller

19



Whengameschangeaarely(i.e.tg is large)or whenplayerdearnfrequently(i.e. t.

is small) they have a betterchanceof finding the ‘long-run’ stratey for a given
game.Thus,they becomemore similar which reducedocality. Diversity among
playersmay alsobereducedby ‘backgroundnoise’ m_ sincenoisemakesplayers
more similar. A larger learningradius(r ), increaseghe effects of locality since
playerswill samplemore neighboursthat could be in a differentsituation. This
shaws that beingableto spotlocality is actually one of its conditions.Lik ewise,
situationsbecomemore diversewhen the interactionneighbourhood; is small.
Another sourceof heterogeneitys that compleity of stratgies also diversifies

players’behaiour. A larger heterogeneitys alsoprovided by a larger population

(n).

4.2.2 Speed

The parameters, ty, andry influencethe speedof the evolutionaryprocesssince
they affectthefrequeng orthescaleof learningstepsHigherspeedillowslearning
rulesto move away from theinitial distribution, thus,to move fartherto theleft in

thediagram.

Thelongerthe evolutionaryprocessuns(ts), the moretime learningruleshave to
developandto move away from the initial distribution. Also, the morefrequently
playersupdatdearningrules(i.e. thelargert,), thefastedearningrulesevolve and
move away from theinitial distribution. Thefartherplayerssee(r,) whenupdating

alearningrule, the fastersuccessfulearningrulesspreadhroughthe population.

4.2.3 Noise

The parameters , ty, m_, my influencethe noisewithin the evolutionaryprocess.

Thisagainkeepsaverage®f theparametersf thelearningrulescloserto theinitial
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distribution.

Whenlearningrulesarerarely usedto selectstratgies(i.e. whent, is large),then
playersremaininexperiencedandlearningrulesare not pushedinto a particular
direction.Whenlearningrulesarerarely updatedi.e. whenty is large) thenmore
reliabledatais availablewhensuccessf alearningruleis evaluated Developement
is, asaresult,lessnoisy The morestratgiesareperturbedvhenthey arelearned
(my), themoredifficult it becomego evaluatea learningrule’simpacton success.
The more learningrules are perturbedduring the updateprocesgm,), the more

they arepushedoackto theinitial distribution.

Notice, however, that changesn someparametersnay have conflicting effects.
One exampleis the speedt, in updatinglearningrules: For very small values
of t, learningrules are updatedtoo often to accumulatea reasonablemountof
dataon the succes®f therule. As a consequencehe evolutionary processs too
noisyto divergefrom theinitial distribution. For very large valuesof t, thedataon
the performanceof learningrulesbecomesnorereliable while learningbecomes
slower. Again learningrulesdo not move away from their initial distribution. In
otherwords: Updatinga learningrule is beneficialfor the updatingplayer who
takesadwantageof informationthatis provided by neighboursAt the sametime
neighourssuffer sincethe updatingplayerceasedo sere asa reliable sourceof

information.Thesetwo conflicting effectsexplaintheturnin thet,-curve.

We canconcludethat,whatever parameterarechoosenlearningruleshave similar
propertiesn theend.The dependencef learningruleson parameterseemdo be

intuitive.
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5 Stage Game Behaviour

Having dealtwith theimmediatepropertieof endogenoukearningruleslet usnow

analysetheimpactthatendogenousuleshave on stagegamebehaiour.
[Fig. 9 abouthere.]

Figure 9 shows the proportionsof stagegamestrateyies for variousgamesboth
for endogenouandfor fixedlearningrules.In simulationsrepresentech figure9
theunderlyinggamechangesverytg = 2000periods.Fromothersimulationswe
know that during these2000 periodsstrateyies have adaptedo the new game??.
Justbeforethe gamechangesve determinethe proportionof stagegamestrategies
C andD. Theseproportionsarerepresenteth figure 9 ascircles. The position of
thecircle is determinedyy the parametersf the game,g andh. The colour of the

circleis whiteif the proportionof Csis larger. Otherwiseit is black.

Figure 9 comparestwo cases:An exogenouslygiven learningrule of the type
‘switch if better’, approximatedas (&, &1,42) = (0,—100000,100000) and the

caseof endogenoukearningrules.

In bothpicturestwo areascanbedistinguishedOneareawheremostof the simu-
lationsleadto a majority of C, andanotherone,wheremostsimulationsleadto a

majority of D. Two pointsareworth making:

e Thefixedlearningrule ‘switch if better’,whichis anapproximatiorof thelearn-
ing rulesstudiedin theliteratureon local evolution with fixedlearningrules?3,

22 seeKirchkamp(1995).
23 SeeAxelrod (1984, p. 158f), Lindgrenand Nordahl (1994), Nowak and May (1992,

1993), Nowak, Bonhoefer, and May (1993), Eshel,Samuelsonand Shaled (1998),and
Kirchkamp(1995).
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leadsto resultsvery similar to thoseobseredin this literature.

- Thereis cooperatiorfor a substantiatangeof prisoners’dilemmas.Actually
30.3%o0f the 142 prisoners’dilemmasin this simulationleadto a majority of
cooperatingplayers.

- In coordinationgamesplayersdo not follow the principle of risk dominance
but anotherprinciple betweerrisk dominanceandParetodominanceé?.

¢ Underendogenoukearningtherangeof prisonersdilemmasvheremostplayers
cooperateshrinksto 10.2% of the 137 prisoners’dilemmasin the simulation.

Behaviour in coordinationgamesagaindoesnot follow risk dominance.

Thefirst pointis interesting becauseét showvs thatthe modelthatwe have studied
in this paperis comparableo the modelsstudiedin theliteratureonlocal evolution

with fixedlearningrules.

The secondpoint shavs thatthe propertiesof network evolution discussedn the
literatureonlocal evolutionwith fixedlearningrulespersistatleastto somesmaller

degree,evenwith endogenougearningrules.

6 Conclusions

In this paperwe have studiedpropertiesof endogenouslgvolving learningrules
andthe stagegamebehaiour thatis implied by theserules.We comparedendoge-
nouslyevolving learningruleswith two typesof otherrules:'Switch if better’rules

thatareassumedh standardnodelsof local evolution?® andrulesthatareoptimal

24 Very similar behaiour is foundfor thefixedlearningrule ‘copy the beststrategy found

in the neighbourhoodin Kirchkamp(1995).
25 SeeAxelrod (1984, p. 158f), Lindgrenand Nordahl (1994), Nowak and May (1992,

1993), Nowak, Bonhoefer, and May (1993), Eshel,Samuelsonand Shaled (1998),and
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in aglobalcontext26.

We find that our dynamicsselectsruleswhich aredifferentfrom thosecommonly
assumedn the literature on local evolution. In particular the learningrules se-
lectedonthebasisof ourdynamicsaremuchlesssensitveto changesn asampled
players payof. This ‘suspicion’canberelatedto thefactthatthesampledlayers

environmentis differentfrom thatof thelearningplayer

The rulesthat emege from our local evolutionary procesddiffer from rulesthat
areoptimalin a globalmodel.Our rulesarenot symmetricandthey ofteninvolve
deterministicbehaiour. The lack of symmetryin the learningrule is analogous
to the lack of similarity betweerthe situationof a learningplayerandthat of the
neighboursThedeterministicdoehaiour is aresultof thelack of patiencewhichis

aconsequencef the morethaninfinitesimallearningspeed.

Stagegamebehaior of endogenousulesdiffers graduallyfrom behaiour found
with ‘switch if better’.Cooperatiorfor arangeof prisoners'dilemmasandcoordi-
nationnotonrisk dominantequilibriais presentvith ‘switch if better’rulesaswell
aswith our endogenoutearningrules,however, with endogenousulesto a more

limited degree.

Besidesthe selectiondynamicsthat we have presentechere we have also anal-
ysedotherselectiondynamicsin KirchkampandSchlag(1995)we studydynam-
ics whereplayersuselesssophisticatedipdaterulesthanthe OLS-modelusedin

this paper We have analysedmodelswhere playersmove only in the direction
of the maximumof the OLS model,but do not adoptthe estimateof the optimal
rule immediately We have also analysedmodelswhere playersdo not estimate

ary modelat all but copy successfuheighboursnstead.Both alternatve specifi-

Kirchkamp(1995).
26 SeeBorgersandSarin(1995),Schlag(1993,1994).
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cationsleadto similar learningrule properties Probabilitiesof switchingareless
sensitve to changesn the neighbours payof andmoresensitve to changesn the
learningplayer’s payof. The propertiesof the inducedstagegamebehaiour are
alsosimilar: Both alternatve specificationseadto cooperatiorfor someprisoners’
dilemmasand coordinationnot on risk dominantequilibria. Thus,we canregard

theabove resultsasfairly robust.
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53 simulationsunson atorusof size50 x 50 with 2-stateautomataNeighbourhoodsave
sizesri =r_ = 1, ry = 2. Relatve frequenciesare given as percentagesSimulationslast
for ts = 400000 periods,interactiongtake placewith probability p; = 1/2, repeatedyame
stratgiesarelearnedrom arandomlysampledplayerwith probability1/t, = 1/24,learn-
ing rulesarechangedvith probability1/t, = 1/4000,new gamesareintroducedwith prob-
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Fig. 7. Longrundistribution over parametersf thelearningrule (ag, a1, ap). Averageover
181 simulationruns, eachlasting for 400000 periods.Relatve frequenciesare given as
percentagesParametersare asin figure 5, exceptthat learning playerssamplethe most
successfuheighbour
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