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Abstract

We studya modelof local evolution. Agentsarelocatedon a network andinteractstrate-
gically with their neighbours Stratgiesarechoserwith the help of learningrulesthatare
basednthesucces®f stratgiesobseredin theneighbourhood.

The standarditeratureon local evolution assumesearningrulesto be exogenousand
fixed. In this paperwe considera specificevolutionarydynamicsthatdeterminegearning
rulesend@enously

We find with the help of simulationsthatin the long run learningrulesbehae rather
deterministicallybut areasymmetridn the sensehatwhile learningthey put moreweight
onthelearningplayers’experiencethanon the obsered players’one. Neverthelesstage
gamebehaiour underthesdearningrulesis similarto behaiour with symmetriclearning
rules.
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1 Intr oduction

In this papemwe wantto studyhow strategiesevolve simultaneouslyvith Iearninﬂ rulesin alo-
calervironment.We regardthis paperasa modificationof modelsof local evolutionwhereonly
stratgyiesmay evolve, but learningrulesarekeptfix. Thelatterkind of modelshasbeenstud-
ied by Axelrod (1984,p. 158f), LindgrenandNordahl(1994),Nowak andMay (1992,1993),
Nowak, Bonhoefer and May (1993), Eshel, Samuelsorand Shaled (1996), and Kirchkamp
(1995).In thesemodelsplayersplay gamesagainsineighboursusinga stratey thatthey may
changefrom time to time. Whenchangingthis stratgy they usea fixed rule; normally they
eitherimitate the strategy of the mostsuccessfuheighbouror the stratgy with the highestav-
eragesuccess$n their neighbourhoodespectrely. Both rulesseemto be ratherplausible,and
bothrulesleadto a nice explanationfor the survival of cooperationn prisoners’'dilemmas:A
clusterof mutually cooperatinglayersmay seemto be moresuccessfuthana (neighbouring)
clusterof mutually defectingplayers.Givenmyopicimitation the ideaof cooperatiorspreads
througha network.

However, this property dependson the assumedearning rule. Other learning rules,
e.g. playersthat imitate with probabilitiesthat are strictly proportionalto the succesf the
obsened stratgies,do not give this explanationfor the survival of cooperation.Suchpropor
tional imitation rulesmay actuallybe viewed asparticularlyplausiblesinceproportionalrules
turnoutto beoptimalatleastin aglobal settingwhereall memberf a populationareequally
likely to interactwith eachother(seeBorgersandSarin(1995),Schlag(1993,1994)).

Notice thatlocal evolution is, thus,muchmore sensitve to seeminglyinnocuouschanges
of the learningrule thanglobal evolution. This sensitvity makesthe local setupparticularly
attractve to studyselectionof learningrules. To performthis taskwe have to decidewhether
we want to extend Borgersand Sarinor Schlagand searchlearningrulesthat are optimal in
alocal ervironmentor whetherwe wantto extendlocal evolution of strategjiesto includealso
learningrules.In this papeme take the secondapproactandstudyamodelwith evolutionboth
onthelevel of stratgiesandonthelevel of learningrules.

Within the (wide) rangeof modelsof local evolution some(Saloda 1971, Schelling1971)
assumeplayers’ statesto be fixed and concentrateon the movementsof players. Oth-
ers (Axelrod 1984, May and Nowak 1992, May and Nowak 1993, Bonhoefer, May, and
Nowak 1993,Ellison 1993,Eshel,SamuelsonandShaled1996,LindgreenandNordahl1994,
Kirchkamp 1995) take players’ positionsas fixed but allow playersto changetheir states.

1Giventhattherearelots of definitionsfor ‘learning’ let usstartwith a clarifying remark: Whenwe talk about
learningin thefollowing we have in mind a descriptivedefinitionof learningin the senseof arelative permanent
changeof behaioural potentiality(seeG. Kimble (Hilgard, Marquis,andKimble 1961)). We restrictour attention
to very simplelearningrules.In particularwe do notaimto provide amodelof learningasa cognitive process.



Furthermorethere are modelswhere playersare allowed to move and to changetheir state
(Hegselmanri994 Ely 1995). Anotherdistinctionis thatsomeauthorglike Saloda,Schelling
andEllison) assumenyopicallyoptimisingplayerswhile others(Axelrod; Nowak, Bonhoefer,
May; Eshel,SamuelsonShaled; Kirchkamp; Lindgren, Nordahl) assumehat playerslearn
throughimitation.

In thefollowing we restrictourselhesto playerswho have fixed positionsandwho change
their stratgy usinga rule thatis basedon imitation. Thus,our modelhasmore elementsn
commonwith Axelrod; Nowak, Bonhoefer, May; Eshel,SamuelsonShaled; Kirchkamp;and
LindgrenandNordahl. This literatureassumeasll playersto useafixedlearningrule thateither
copiesfrom the currentneighbourhoodhe stratgy of the neighbourthatis mostsuccessfﬂl
or the stratgy thatis on average(over all neighboursvho useit) mostsuccessfulln contrast
we want to allow playersto change their own learningrule usinga procesghatis basedon
imitation.

Suchadynamicsyieldsa setof learningrulesthatwe cancomparewith the exogenoushgiven
learningrulesfrom theliterature.Furtherwe cancomparehe stagegamebehaiour of apopu-
lationusingendogenoukearningruleswith thestagegamebehaiour of apopulationwith fixed
learningrules.

Regardingthe literatureon local evolution we wantto asktwo questions:First we want
to know whetherthe learning rules discussedn the above literaturearelikely to be selected
by evolution. Secondwe wantto know whetherthe behaviourof a societywith endogenous
learningrulesis differentfrom the behaiour of onewith afixedlearningrule. In this papemwe
presensimulationresultsto give ananswero thesequestions.

Anotherusefulbenchmarks the literaturethat studiespropertiesof optimallearningrules
in a global ervironment,i.e. an ervironmentwhereall playersmay interactwith eachother
andlearnfrom eachother Thiskind of problemis studiedby BinmoreandSamuelsor§1994),
BorgersandSarin(1995),Schlag(1993,1994). Binmoreand Samuelsomlreadyrequiresym-
metryandstudyanaspirationevel thatis subjectto a noisyevolutionaryprocessBorgersand
Sarinaswell asSchlaglook for an optimallearningrule andfind thatsucha learningrule (in
a globalcontext) turnsout to be symmetric,in the sensehatlearningplayersput equalweight
on their own aswell ason otherplayers’ experience. Further global learningrulesthat are
optimal or that survive in the long run turn out to belinearin the sensehat optimallearning
rulesrequirelearningplayersto switchto anobseredstratgy with a probabilitythatis alinear
functionof the players own andthe obsenedpayof.

In the next sectionwe describea model of local endogenousvolution of learningrules. In

2We understandhere'successas‘averagepayof perinteraction’.
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sectiord we discusspropertiesof theselearningrules. Section3.4 analyseshe dependence
of our resultson parameter®f the model. In section3.3 we then study the implication of
endogenoukearningon the stagegamebehaiour. Sectiord concludes.

2 The Model

2.1 Overview

In thefollowing we studyapopulationof playerseachoccupying onecell of atorusof sizen xn

wheren is betweerb and200. Playersplay gameswith their neighbouronthis network, learn
repeatedjamestratgjiesfrom their neighbourandupdatetheirlearningrule usinginformation
from their neighbours.In the remainderof this sectionwe describethe kind of gamesplayers
play, andstratgiesandlearningrulesthey use.

2.2 StageGames

Playersplay gameswithin aneighbourhoodin the simulationghatwe discussn thefollowing
suchaneighbourhoodhasoneof thefollowing shapes:
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A player(marked asa blackcircle) mayonly interactwith thoseneighbourggray)which live
no morethanr; cells horizontallyor vertically apart. In eachperioda randomdrav decides
for eachneighbouiindependentlyhetheraninteractiontakesplace.Thus,in agivenperioda
playermaysometimesnteractwith all neighbourssometimesvith only some sometimegven
with no neighbourat all. Eachpossibleinteractionwith a givenneighbourtakesplacein each
periodindependentlyrom all otherinteractionswith probabilityp;. A typical valuefor p; is
1/2. This probabilityis low enoughto avoid synchronisatiommongneighboursit is still high
enoughto make simulationssufficiently fast. We considewvaluesfor p; rangingfrom 1,/100 to
1 to testtheinfluenceof this parameter

We assumehat gameswhich are playedamongneighbourschangeevery t, periods. We
changegamesto createthe necessityto adaptto a changingenvironmentand, thus, induce
evolutionary pressureon learningrules. In the following we presentresultsof simulations

3
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Figurel: Thespaceof consideredjames.

wheret, rangesirom 200to 20000 periods. Oncea nenv gameis selectedall neighboursn
our populationplay the samesymmetric2 x 2 gameof thefollowing form:

PlayerIl
D C
g —1
D 2)
Player 9 h
I
h
C 0
—1 0

Whena new gameis selectedhe parameterg andh in the abore gamearechoserrandomly
following an equaldistribution over theintenals -1 < g < 1T and—2 < h < 2. We can
visualisethe spaceof gamesn atwo-dimensionafraph(seefigurel).

Therangeof gamesdescribedoy —1 < g < 1 and—2 < h < 2 includesboth prisoners’
dilemmasandcoordinationgames.All gameswith g € (—1,0) andh € (0, 1) areprisoners’
dilemmas(DDpp in figure[), all gameswith ¢ > —1 andh < 0 arecoordinationgames.
In figurel equilibrium stratgjiesare denotedwith CC, CD, DC andDD respectiely. The
symbol = denotesisk dominancdor gameshathave severalequilibria.

We alreadyknow from the literatureon local evolutiowH thatwith the learningrule ‘copy
bestplayer’ playerscooperatat leastin someprisoners’dilemmas.Kirchkamp(1995) points
furtheroutthatwhenplayingcoordinationgameausingthis learningrule playersdo not always
coordinateontherisk dominantequilibriumbut follow a criterionwhich putsalsosomeweight

3SeeAxelrod (1984, p. 158f), LindgrenandNordahl(1994),Nowak andMay (1992,1993),Nowak, Bonho-
efferandMay (1993),Eshel,SamuelsomndShaled (1996),Kirchkamp(1995).



on Paretodominance We will seein theremaindeiof this paperthatthis behaiour persistsat
leastto somedegreealsowith endogenoukearningrules.

2.3 RepeatedGame Strategies

We assumeéhat eachplayerusesa singlerepeatedyamestratgy againstall neighbours.Re-
peatedyamestratgiesarerepresenteds(Moore)automatavith amaximalnumberof statesof
one,two, three,or founH. For mary simulationswe limit thenumberof statedo lessthanthree.

2.4 Learning Rules

Fromtime to time a playerhasthe opportunityto revise his or herrepeatedjamestratgy. We
assumehatthis opportunityis arandomeventthatoccursfor eachplayerindependenthat the
endof eachperiodwith a certainprobability Probabilitiesto learnwill be denotedl /t; and
rangefrom 1/6 to 1/120. t; denoteghenthe averagetime betweentwo learningeventsof a
player Learningis a relatively rareevent, ascomparedo interaction. Still, learningoccurs
more frequentlythan changesf the stagegameand updatesof the learningrule itself (see
below).

If aplayerupdategherepeatedjamestratgy the playersamplesandomlyonemembetrof
the neighbourhoo@ndthenappliestheindividual learningrule.

Notice, that this learningrule usesinformationon a single sampledplayer The learning
rulesdiscussedn the Iiteratur@ useinformationon all neighbourdrom the learningneigh-
bourhoodsimultaneously

We assumeherethat only a single playeris sampledto simplify our learningrule in the
sensdhatonly asinglealternatve to the players currentrepeatedjamestratay is considered.
It is hardto specifya spaceof learningrulesthatlearnfrom severalneighboursout canstill be
describedvith a smallnumberof parameters.

4Each'state’ of aMooreautomatoris describedy a stage-gamstrategyy andatransitionfunctionto eitherthe
sameor ary otherof the automators states.This transitiondepend®n the opponent stage-gamstrateyy. Each
automatorhasone‘initial state’thattheautomatorenterswhenit is usedfor thefirst time.

Thereare 2 automatawith only onestate(oneof themplaysinitially C andremainsin this statewhateser the
opponentoestheotherplaysalwaysD.

Thereare 26 automatawith oneor two states.E.g.‘grim’ is a two-stateautomaton.The initial stateplaysC.
TheautomatorstaysthereunlesgsheopponenplaysD. Thentheautomatorswitchego thesecondstatethatplays
D andstaysthereforever. Otherpopulartwo-stateautomatanclude'tit-for -tat’, ‘tat-for-tit’, etc.

The setof automatawith lessthanfour statescontains1752 differentrepeatedyamestratgjies. The setof
automatawith lessthanfive stateshasalreadysize190646.

SSeeAxelrod(1984,p. 158f), LindgrenandNordahl(1994),Nowak andMay (1992,1993),Nowak, Bonnho-
effer andMay (1993),Eshel,SamuelsomndShaled (1996),Kirchkamp(1995).



We briefly analysewo alternativesetupsn orderto testsensitvity with respecto thetype of
thelearningrule.

First,andin orderto becomparablavith theabose mentionediterature we studyin section
3.3 a fixed learningrule that samplesa single playerandthat aimsto be similar to the fixed
multi-player rulesin the literature. With the help of simulationswe shav that stagegame
behaiour underthe fixed single-playerule turnsout to be very similar to fixed multi-player
rules. E.g.cooperationn prisoners’dilemmasoccurswith thelearningrule ‘copy bestplayer’
for almostthe samerangeof gamesregardlessvhetheronly oneor all neighboursaresampled.

Second,andin orderto showv that choosingthe single-playersetupis not crucial for the
propertiesof the learningrulesthat we derive, we comparein section3.4.1the single-player
rule with the following multi-player rule: All neighboursare sampled,the most successful
neighbours determinedandthenimitatedwith a probabilitythatis againa linearfunction of
themostsuccessfuheighbours andthe learningplayers successilt turnsoutthatthelearning
rulesthatevolve underthis regimearevery similar to thosethatemege underthe single-player
regimethatwe describean thenext paragraph.

Learning,aswell asinteraction,occursin neighbourhoodsf similar shape(seegraphll on
pagdd). We denotethe sizeof the neighbourhoodor learningwith thesymbolr,.
Learningrulesusethefollowing information:

1. Thelearningplayers repeatedjamestrateyy.

2. Thepayof uq,, Of the players repeatedjamestratayy, i.e. the averagepayof perinter
actionthatthe playerrecevedwhile usingthis repeatedjamestratayy.

3. A sampledplayers repeatedjamestratayy.

4. The sampledplayers repeatecgamestrat@y payof us.mp i.€. the averagepayof per
interactionthatthe playerrecevedwhile usingthis repeatedjamestrateyy.

Learningrulesare characterisedby a vectorof threeparametergd,, a;,d,) € R3. Givena
learningrule (@, a;, @,) alearningplayersamplesone neighbours’strateyy and payof and
thenswitchegso the sampledstrategy with probability

P (Uown, Usamp) = (@0 + Q1 Uown + aZusamQ (3)
where .
1T ifx>1
(x):==50 ifx<0 . (4)

x otherwise



Uown aNdusampdenotethe players andthe neighbours payof respectrely.

Thus, the two parametersi; and @, reflect sensitvities of the switching probability to
changesn the players andthe neighbours payof. The parametef, reflectsa generalreadi-
nessto changeto new stratgies, which canbe interpretedasa higheror lower inclinationto
make an experimentor to try somethingnen. Choosing(ay, @, @,) a playerdeterminesa
rangeof payofs whereto reactprobabilistically(i.e. p (vuown, Usamp € (0, 1)), a secondrange
of payofs whereswitchingwill neveroccur(i.e. p(uown, Usamp = 0) andfinally athird range
of payofs whereimitation alwaysoccurs(i.e. p (uown, Usamp = 1).

Notethatoneor eventwo of theserangescanvanish,i.e. we canspecifystochastiaswell
asdeterministiaules.An examplefor adeterministiaule (‘switch if better’)is (@, a;, ;) :=
(0, —a, a) with a — oo. An examplefor arule thatimpliesalwaysstochastibehaiour for the
gamegiveninis (G, a;, a;) := (1/2,—a, a) with 1/(4a) > max(|g|, [h/, 1).

Noticealsothatour parametefi, is similarto the aspiratiorievel A from the globalmodel
studiedin Binmore and Samuelsor(1994). However, the learningrules studiedin Binmore
and Samuelsorare not specialcasesof our learningrules, sincetheir decisionsare perturbed
by exogenousnoise. For caseswherethis noiseterm becomessmall our rule approximates
BinmoreandSamuelsoirf1994)with (a,, d;, @;) := (A, —a, a) anda — co.

Normalisation We map parametersd,, d;,d,) € R? into (ay, a;, a,) € [0, 1] usingthe
following rule:

a, = tan (mi _ %‘) vielo,1,2). (5)

1.00
0.75 1
0.50

25 T

4 3 -2 -1 0 1 2 3 4

We let evolutionoperateonthenormalisedralues ay, a, a,) € [0, 1]° for thefollowing reason:
The learningrulesfrom the literatureare often deterministicthus,they canbe representeds
ruleswhoseparametewaluesa; areinfinitely large or smallrespectrely. We do not wantto
excludetheserulesapriori. However, it mightbeaproblemfor adynamicghatselectdearning
rulesto corvergewithin thelimits of afinite simulationto infinite valuesof theparameterswe



thereforemapthe unboundedspaceof parameter®f our learningrulesinto a boundedspace
usingthetransformatiorgivenby equatiorfd on the precedingpage.

Mutations Whena playerlearnsa repeatedyamestratgy, sometimedearningfails anda
randomstratayy is learnedinstead. In this case,ary repeatedyamestrateyy, asdescribedn
sectiorZ.3 is selectedvith equalprobability Theseémutations’occurwith afixed probability
m;. We considemutationratesbetweer? and0.7.

We introducemutationsin orderto shaw thatsimulationsareparticularlyrobust. However,
aswe seein sectiori3.4, we do notneedmutationsfor our results.

Mutationscanalsobe seenasa way to compensatéor the limited sizeof our population.
Evenif all membersf onespeciedlie outthe speciesstill hasa chanceo enterthe population
againthrougha mutation.

2.5 ExogenousDynamicsthat SelectLearning Rules

Fromtime to time a playerhasthe opportunityto revise the learningrule. In our simulations
we assumehat this opportunityis a randomeventthat occursfor eachplayerindependently
with probability 1/t,,. t,, thus,denoteghe averagetime betweerntwo updatef a player We
considerlearningrates1/t, among1/40000 to 1/400. If not mentionedotherwisel /t,, =
1/4000. In particularlearningrules are updatedmuch slower than updatesof strateyies or
change®f games.

We wantto modela situationwhereupdatef learningrulesoccurvery rarely We find it
justifiedthatfor theserareeventsplayersmake alarger effort to selecta new learningrule. For
our modelthis hasthe following two implications: All neighboursaresampledvhenupdating
learningrules(andnotonly asingleneighbourasfor updateof stratgjies)andthesamplediata
is evaluatedmoreefficiently, usingnow a quadraticapproximation.

The shapeof the neighbourhood#hat are usedto updatelearningrulesis similar to those
usedfor interactionandlearning(seegraphll on paged). We denotethe sizeof the neighbour
hoodfor updateof learningruleswith thesymbolr,,.

A playerwho updateshe learningrule hasthe following informationfor all neighbours
individually (includinghim- or herself):

1. The(normalisedparametersf therespectre learningrule ao, a;, a;.

2. Theaveragepayof perinteractionthattherespectre playerrecevedwhile thislearning
rulewasusedu(ag, ay, a,).

To evaluatethisinformationwe assumehatplayersestimateamodelthathelpsthemexplaining
their environment,in particulartheir payofs. Playersghenusethis modelto chooseanoptimal

8



learningrule. To modelthis decisionprocessve assumehatplayersapproximatea quadratic
functionof thelearningparameterso explainsuccessf alearningrule. Formallythequadratic
functioncanbewritten asfollows:

bo
u(ap, ar,az) =c+ (ap,a1,a2) [ b, | +
b
doo o1 o2 Qo
tlao, a1, @) [ qor qn ai a | T € (6)
do2 d12 q22 az

Playersmake an OLS-estimatiorto derive the parametersf thismodel(e describeshenoise).
We choosea quadraticfunction becauset is one of the simplestmodelswhich still hasan
optimum. Similarly we assumehatplayersderive thismodelusingan OLS-estimatiorbecause
thisis asimpleandcanonicalvay of aggregatingtheinformationplayershave. We do notwant
to betakentoo literally: We wantto modelplayersthatmoreor lessbehae asif they would
maximisea quadratianodelwhichis derivedusingan OLS-estimation.

The OLS-Raressiondetermineghe parametergc, by, b1, b2, qoo, - . ., q22) Of the above
model. Giventhis model,the playerdetermineshe combinationof ay, a;, a; thatmaximises
u(ap, ay, az) s.t. (ap,a,a;) € [0,1]3. We find thatin 99% of all updatesthe Hessianof
u(ag, ay, az) is negative definite,i.e. u(ap, ay, a;) hasa uniquelocal maximum. In the re-
maininglessthan 1% of all updateghe quadraticmodelmight be unreliable. In this casewe
thereforecopy the mostsuccessfuheighbour

Figureld shavs (only for onedimension)an examplefor a sampleof several pairsof a pa-
rametera; andapayof u (blackdots)togethemith therespectre estimationof thefunctional
relationship(grayline) betweena; andu.

Mutations We alsointroducemutationsfor players’learningrules. Whena playerupdates
the learningrule, with a small probability m; not the above describedupdateschemds used
but the playerlearnsa randomlearningrule thatis choserfollowing an equaldistribution (for
the normalisedparameterspver (ao, a;, a;) € [0, 1]3, which is equivalentto a randomand
independengelectiorof a,, d;, a, following eacha Cauchydistribution. We considemutation
ratesfor learningm, betweer0 and0.7.

Thereasono introducemutationsat this level is the sameasgiven above for mutationof
stratgjies: We wantto showv that our simulationresultsare robust. A populationthat dueto
its limited sizegetsstuckin somestatemay alwaysescapehrougha mutation. Mutationsare,

9
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Figure2: An examplefor samplef pairsof parameterandpayofs (black)which areusedto
estimatea functionalrelationship(gray) betweena; andu. Giventhis relationshipanoptimal
valuea; is determined.

thus, a way to compensatdor the fact that our simulationsare donewith a relatively small
population(only 25to 40000members).

However, aswe shawv in sectior3.4 we neithemeedmutationsonthelevel of stratgiesnor
on thelevel of players’learningrules. Resultswithout mutationsarevery simularto the ones
with a smallamountof mutations.

2.6 Initial Configuration

At thebeginningof eachsimulationeachplayerstartswith arandomlearningrule thatis chosen
following anequaldistribution over (ao, a, a;) € [0, 1]3. Thus,theparameterg,, 4;, 4, are
distributedindependentlyollowing a Cauchydistribution. Also eachplayerstartswith a ran-
domrepeatedjamestratagy, againfollowing anequaldistribution over the availablestratajies.

3 Resultswith Endogenoud_earning Rules

3.1 Distribution over Learning Parameters

Figure@ displaysaveragesover 53 simulationsona50 x 50 grid, lasting400000periodseach.

Sincewe cannot display a distribution over the three-dimensionagpace(ay, a;, a;) we
analysewo differentprojectionsinto subspacesTheleft partof figure[d displaysthe distribu-
tion over (ay, a;), theright partover (ay, a; + a,) respectrely. Axesrangefrom 0 to 1 for
ao, a7 anda; andfrom 0 to 2 in the caseof a; + a,. Labelsonthe axesdo not representhe

10
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Figure3: Long run distribution over parametersf thelearningrule (ao, a;, a;). Averageover
53 simulationsrunson a torusof size50 x 50 with 2-stateautomata.Neighbourhood$iave
sizesr; = 1, = 1, r, = 2. Relatve frequenciesare given as percentagesSimulationslast
for t, = 400000 periods,interactionstake placewith probabilityp; = 1/2, repeatedgame
stratgiesarelearnedfrom a randomlysampledolayerwith probability1/t, = 1/24, learning
rulesarechangedvith probability1/t,, = 1/4000, new gamesareintroducedwith probability
ty = 1/2000, mutationsbothfor repeatedjamestratgiesandfor learningrulesoccuratarate
of my = my, = 1/100.

normalisedvaluesbut insteada,, a;, a, whichrangefrom —oo to +ooH
Both picturesaresimultaneously densityplot andatableof relatve frequencies:

Density plot: Differentdensitief thedistributionarerepresentebly differentshade®f gray.
The highestdensityis representetly thedarkestgra

Table of relative frequencies: The picturesin figured also containsa table of relative fre-
guencies.The left pictureis dividedinto eightsectorsthe right pictureis dividedinto
six rectangles.The percentagewithin eachsectoror rectanglerepresenthe amountof
playersthatusealearningrule with parameterg therespectre range.

Theleft partof figureld shavs two interestingpropertiesof endogenousvolution: First, with
endogenousvolution learningrulesare sensitve to a players own payof. Secondthey are

5The figure is derived from a table of frequencieswith 30 x 30 cells. The scalingof all axes follows the
normalisatiorgivenin equatioffonpagddl To beprecisethevalue“a; +a,” representactually2 - tan(7- (a; +
a)/2 —m/2) andnot@; + @,. In thecurrentcontet this differenceshouldbe negligible.

’Densitiesarederivedfrom atableof frequenciesvith agrid of size30 x 30 for eachpicture. We actuallymap
logs of densitiednto differentshade®f gray. Theinterval betweerthe log of the highestdensityandthe log of
1% of the highestdensityis split into sevenrangeof evenwidth. Densitieswith logsin the sameinterval have the
sameshadeof gray. Thus,thewhite arearepresentslensitiessmallerthan1% of the maximaldensitywhile areas
with darker shade®f grayrepresentiensitiedargerthan1.9%,3.7%7.2%,14%, 27% and52% of the maximal
densityrespectrely.

11



substantiallyesssensitveto obseredpayofs. We call thislatterpropertysuspicion Of course,
our agentscanonly behae asif they hadfeelingslik e suspicion.We still hopethattheimage
helpsthereader

Sensitvity to own payoffs: Remembethattheinitial distribution over a; anda, is anequal
distribution. Thus,would we draw theleft partof figure[@in periodone,theresultwould
be a smoothgray surfacewithout any mountainsor valleys. Startingfrom this initial
distribution our learningparametershangesubstantially Evenif not in all casesq;
becomes—oo, the distribution over learningparameterguts mostits weight on small
valuesof a;.

Insensitivity to sampledpayoffs: In theleft partof figure[d we seethat 96.3%of all players
usea learningrule with |a,| < |a,|, i.e. alearningrule which putsmoreweighton the
players own payof thanon the sampledpayof.

If werestrictourselhesto ‘reasonablelearningruleswith @; < 0 anda, > 0 then97.5%
of all theseruleshave the propertythat|a,| < |@;].

Notice that for both casesthe initial distribution over parameterof the learningrule
impliesthat50%of all rulesfulfil |G| < [a;|.

We call this kind of behaiour ‘suspicious’in the following sense:A samplingplayer
may realisethat an obsered learningrule is successfufor a neighbour Nevertheless
the player doesnot know whetherthe samerule is equally successfuht the players
own location. Perhapghe succes®f a neighbours rule dependson playerswhich are
neighboursf the players neighbouy but not of the player Thus,a ‘suspicious’player
behaeslike somebodywho ‘fears’ thatthe sampledneighbours experiencecannot be
generalisedor the players own case.

3.2 Probabilities to switch to a sampledlearning rule

The learningrule as specifiedin equatiorfd on pageld determinedor eachlearningplayera
probability to switchto the obsened repeatedjamestrateyy. Figureld on the following page
showvs the cumulatve distribution of theseswitchingprobabilitiei
Thehorizontalaxisrepresentsiy + G uqwn + G2Usamp Following thelearningrule3aplayer
switchesstodhasticallywith probability &y + @1 uewn + G2Usampif thisexpressioris betweerzero
andone.Otherwisethe playereitherswitcheswith certaintyor notat all.

8Thisfigureis derivedfrom atableof frequenciesvith 30 cells. The scalingof the horizontalaxis follows the
normalisatiorgivenin equatiord on pagd?l
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Figure4: Cumulatve distribution over switching probabilities,given the learningrulesfrom
figureld

Figurddishavsthatonly in about12%of all learningeventsO < @+ @1 Uown+ G2Usamp< 1,
i.e.in only 12% of all learningeventsa players decisionis a stochastione. Our endogenous
rulesseemo beneitherfully stochastﬂ nor fully deterministi

3.3 Comparisonwith other Learning Rules

Above we mentionedtwo referencepoints for learningrules: Thoselearningrulesthat are
assumedasexogenousandfixedin theliteratureonlocal evolution andrulesthatturn outto be
optimalin aglobal setting.

Let us startwith the exogenougsulesthatareassumedn the literatureon local evolution:
We have seenthatthe exogenousfixed rulesmay be similar to the enda@enouslearningrules
in the sensehat smallchangesn the player’s own payof mayleadto drasticchangesn the
probabilityto adoptanew stratg)y. Endogenoutearningrulesdiffer from thosestudiedn parts
of theliteratureonlocal evolutionin thesensé¢hatchangesn anobserveglayer’s payof lead
to smallerchangesn the probabilityto adopta new strateyy.

Let us next compareour endogenousuleswith thoserulesthat turn out to be optimalin
aglobal settin@. We may expectthatthe outcomeof an evolutionaryprocesgshatrunsonly
for afinite time is at leastcloseto arny optimalrule. However, our rulesdiffer in two respects
from thosethatareoptimalin a globalmodel: First, asdiscussedn sectiori3.], they aremore
sensitveto change alearningplayers own payof thanto changesn anobsenedneighbours
payof. Secondasmentionedn section3.2, playersfollowing endogenousules quite often

9As thosefrom Borgers,Sarin(1995)andSchlag(1993).
10As thosefrom Axelrod (1984, p. 158f), Nowak andMay (1992),etc.
seeBorgersandSarin(1995),Schlag(1993,1994).
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switchwith certainty

A highersensitvity to a players own payof ascomparedo anobseredneighbourgpayof
canberelatedto thelocal structure A stratgy thatis successfuin my neighbours neighbour
hoodmay belesssuccessfuin my own neighbourhoodThereforemy neighbours payof is a
lessreliablesourceof informationthanmy own payof.

Thefactthe (globally) optimallearningrulesswitch alwaysstochasticallyesultsfrom the
attemptto evaluateinformationefficiently. Evensmalldifferencesn payofs aretranslatednto
differentbehaiour. The priceto pay for this efficient evaluationis time. Giventhat neither
in BorgersandSarinnorin Schlagplayersareimpatient,they do not carewhetherthe optimal
stratgy is reachednly afterinfinite time.

While we do not have anexplicit discountfactorin our simulationsdiscountingentersm-
plicitly throughtheregularupdateof thelearningrule. A learningrule thatis efficient, but slow,
comparegwithin finite time) badly to a learningrule thatis not perfectin the long run, but
achievesalreadygoodresultsin the shortrun. Thereforeevolution of learningrulesata more
thaninfinitesimalspeednayleadto deterministidoehaiour.

3.4 Dependenceon Parameters

Thediscussionn the previousparagraphsvasbasedn a particularparametecombination.n

thefollowing we wantto shaw thatparametechangeslo not matterfor our mainresults.
Wewill firstconsidelin sectiori3.4.1analternatve rule to sampleneighbourghatmightbe

copiedwhenlearning.Sectiori3.4.2thenstudieschangesn the otherparameters.

3.4.1 The SelectionRule: Sampling Randomly or Selectvely

Abovewe assumedhatplayerdearnrepeatedjamestratgiesfrom arandomlysampledlayer
Onemight, however, objectthat playerscould be more carefulin selectingtheir samples.As
abenchmarlcasewe assumen this sectionthatplayerssamplethe mostsuccessfuheighbour
availabl@. We shaw thatthis changen theselectiorrule haslittle influenceontheendogenous
learningrules.

Figure[ on the following pageshaws a distribution over (ay, a7, a,), projectedinto the
a1, a; anday, a; + a; spacesimilarto figure[d on pagdlll In contrastto figure[dwe assume
herethatplayers,whenlearning,samplethe playerwith the highestpayof perinteractionfor
the currentrepeatedjamestratgy, measureaver the lifetime of therespectie repeatedjame
strata@y.

12| e. the neighbouwhoserepeatedjamestratey yields the highestpayof on average(per interaction)since
thepointin time wherethe neighboulearnedherespectre strateyy.
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Figure 5: Long run distribution over parameterof the learningrule (ao, a;, a;). Average
over 181 simulationsruns,eachlastingfor 400000 periods. Relatve frequenciesregivenas
percentagesParameterareasin figurel[d on pagdll exceptthatlearningplayerssamplethe
mostsuccessfuheighbour

While the pictureis more noisy thanfigure[d propertiesof learningrulesarethe sameas
alreadydiscussedh sectiori3.Jon pagdld Playersarerathersensitveto changesn theirown
payof andlesssensitveto changesn the samplecheighbourgpayof.

We suspecthatthe additionalnoisestemsfrom thereducedvolutionarypressuren learn-
ing rules.Preselectinglreadybest’ learningrulesfor comparisoomakesthetaskof identifying
goodrulestoo easyfor learningrules. We actuallyobsene a clusterof learningruleswith val-
uesof @, closeto +oco. Theserulesapparentlyfollow a ‘just copy whatever you see’stratay,
whichmightbereasonablesince'whateveryou see’is alreadythe bestavailablein your neigh-
bourhoodunderthis selectiorrule.

3.4.2 Other Parameter Changes

FigurddonpagdlZshavstheeffectof variouschangesf theotherparameterswWe alwaysstart
from the sameparametecombinatiorasareferencepointandthenvary oneof the parameters
keepingall theothersfixed. Thereferencepointis a simulationon torusof size50 x 50, where
theinteractionneighbourhoodndlearningneighbourhoodhave boththesamesizer; = r, = 1
while theneighbourhoodthatis usedwhenupdatingthelearningrule hassizer,, = 2. Tolearna
new repeatedjamestratgy playerssamplea neighbourandomly Learningoccurson average
everyt, = 24 period@. The underlyinggameis changedevery t, = 2000 periods. Players

3Remembetthat we assumdearningto be an independentandomevent that occursfor eachplayer with
probability 1/t;.
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updatetheir learningrule on averageevery t,, = 4000 period@. Themutationratefor learning
aswell asfor updateof learningrulesis m; = m,, = 1/100. Simulationdastfor t; = 40 000
periods.Thus,exceptfor thesimulationlength,parameterarethe sameasthosefor figurel3

Figurel@ on the following pageshavs average@ of @, anda, for variouschangesn the
parametersEachdotrepresents parametecombinatiorthewe simulated.To easeheunder
standingof the underlyingpattern,dotsareconnectedhroughinterpolatedsplines. The white
dotin eachdiagramrepresentslweaveragevalue(@] =-1.89,4, = 0.30) for thereferenceset
of parameterslescribedabove. Theline a, = —a, is markedin gray.

The mainresultis thatall parametecombinationsshav againrelative sensitvity to own
payofs, andinsensitvity to obsered payofs. In particularthe averagescf_z < —d for all
parametecombinationghatwe simulated.

Notice thatwe do not needmutationsfor our results,however, the simulationsare robust
againstmutations.To shav thatwe candispenseavith bothkinds of mutationssimultaneously
we ranasimulationwherem; = m, = 0 andshaw theresultin thegraph’'mutationof learning
rules’ with a smalltriangle. While learningon averageto a smallervalueof @, we have still
4, < —@;. Ontheotherhandwe canintroduceratherlarge probabilitiesof mutations(up to
0.7)andstill have &, < —a;.

In the remainderof this subsectiorwe wantto discussthe dependencen parametersn
more detail. To do that we distinguishthreedimensionshow parametersnfluencelearning
rules: Relatve speedrelatie efficiency andrelative degreeof locality.

If parametersf thesimulationarechosenn awaythatmakesit slow, or inefficient(e.g.due
to alot of noise),the distribution over the parametersf the learningrule remainscloseto the
initial distribution (which hasaveragesty = 0, & = 0).

If theparametersf asimulationdescribeasituationthathaslessaspect®f locality (e.g.the
interactionradiusis large, suchthat almosteverybodyinteractswith everybodyelse)‘suspi-
cious’ behaiour disappearsandaveragegor —d; and—d, movescloserto symmetricvalues,
i.e. movescloserto thegrayline whered; = —dj.

Tablelll on pagdl8 summariseshe effectsof the parametersn thesethreedimensions.

Let usbriefly discusssomeof thedependenciesn parameters:

Locality: Theparameters,, t;, my, 1, C, andn influence'locality’ in thesensehatplayers
becomesither more similar or more diversein the evolutionaryprocess.As a consequence

14We alsoassumaipdateof learningrulesto be anindependentandomeventthat occursfor eachplayerwith
probability1/t,,.

BTheseaveragesrearithmeticaverageof a; anda, respectiely, takenover 20 differentsimulationsunsthat
areinitialisedrandomly The averagevaluesof a; anda; arethentransformednto d@; and@, usingequatiord
onpagdd
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Tablel: Effectsof simulationparametersn propertiesof learningrules.
+ and— denotethe directionof the effect anincreaseof a parametehason speedgefficiency
or locality.

parametersghat we attribute more ‘locality’ in the following alsolead to more weight on a
players own experiencej.e. more‘suspicion’,thus,theratio d; /&> is smaller
Whengameschangearely(i.e. t4 is large) or whenplayerlearnfrequently(i.e. t; is small)
playershave a betterchanceto find the ‘long-run’ strategy for a givengameand,thus,become
moresimilar, which reducedocality. Diversityamongplayersmay alsobereducedy ‘back-
groundnoise’ m; sincenoisemakesplayersmoresimilar. Farsightednesg-), whenlearning,
increasesheeffectsof locality sinceit exposedearningplayersto sampleghataremorelikely
to bein a differentsituation. (This shavs thatbeingableto spotlocality is actuallyoneof its
prerequisites)Lik ewise, situationsbecomemorediversewhenthe interactionneighbourhood
r; issmall. Anothersourceof heterogeneitys compleity of stratgies,sincethisdeterminesli-
versityof players’capabilities More heterogeneitganfinally alsobedueto alargerpopulation

(m).

Speed: Theparameters,, t,, andr, influencethe speedof the evolutionaryprocessn the
sensehatthey affectthefrequeng or the sizeof evolutionarystepsof thelearningrules.More
speedallows learningrulesto move away from the initial distribution (which hasaveragesof
theparametersf thelearningrulec’ﬁ =0,4 = 0), thus,movefartherto theleft in thediagram.
The longerour simulationsrun (t,), the moretime learningrules have to develop andto
move away from the initial distribution. Also, the morefrequentlywe updatelearningrules
(i.e.thelargert,), thefasterearningrulesevolve andmove away from theinitial distribution.
Thefartherwe see(r,,) whenupdatingalearningrule, thefastersuccessfulearningrulesspread
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throughthe population.

Noise: Theparameters, t,, m;, m, maymalke theevolutionaryprocessnore‘noisy’ in the
sensethat the direction of movesof learningrulesbecomesnorerandom. This againkeeps
averageof theparametersf thelearningrulescloserto theinitial distribution.

Themorerarelylearningrulesareusedto selectstratgies(i.e. thelargert,), thelessthey
gainexperienceandthe morethey remaincloseto theinitial distribution. Themorerarelywe
updatelearningrules(i.e. thelargert,), the moredatais availableto evaluatea learningrule,
thus,thelessnoisyits development. The morestratgiesare perturbedvhenthey arelearned
(my), thelessit is possibleto evaluatea learningrule’s impacton successThe morelearning
rulesareperturbedduringtheupdateprocesgm,,), themorethey arepushedackto theinitial
distribution.

Notice, however, thatchangesn a someparametemay have conflicting effects. Oneexample
is the speedo updatelearningrulest,: For very smallvaluesof t,, learningrulesareupdated
too oftento accumulatex reasonablemountof dataonthesuccessherule. As aconsequence
theevolutionaryprocesst too noisyto move away from theirinitial distribution. For verylarge
valuesof t,, the dataconcerningthe performanceof learningrules might be ratherreliable,
however, individuallearningbecomeslow. Thisagainmeanghatlearningrulesdonotmanage
to move away from their initial distribution.

In otherwords: Updatinga learningrule implies taking advantageof informationthatis
provided by neighbourswhile simultaneouslyceasingto provide the informationthat the re-
spectveindividualhascollectedin the past.Of coursen thelongrunalsoanupdatingplayeris
asourceof informationagain but atleastin theshortrunupdatesarebadfor theneighbourhood
but goodfor theindividual. This effectexplainstheturnin the t,-cune.

Still, the discussiorof figurel@ showvs that whatever parametersve chooseJearningrules
turn out to have similar properties. Further the dependencef learningruleson parameters
seemdo befairly intuitive.

3.5 StageGameBehaviour

In the previoussectionsve wereconcerneavith theimmediatepropertieof endogenoukearn-
ing rules. In thefollowing we wantto analysetheimpactthatendogenousuleshave on stage
gamebehaiour.

Figure[d on the next pageshaws proportionsof stagegamestratgiesfor variousgames
both for endogenousind for fixed learningrules. In simulationsrepresentedh figure[d the
underlyinggamechangesevery t; = 2000 periods. We know from other simulationsthat
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Figure 7: Stagegamebehaiour dependingon the game. (o=mostplayersplay C, e=most
playersplay D). Parameters50 x 50 torus,r; = r = 1, v, = 2, samplea randomplayet
ty =24, t, = 4000, ty = 2000, m; = 0.1, m, = 0.1, t; =400 000.
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during these2000 periodsstratgies shouldhave adaptedo the new gam@. Justbeforethe
gamechangesve determingheproportionof stagegamestratgiesC andD. Theseproportions
arerepresentedh figure[d ascircles. The positionof thecircleis determinedy theparameters
of thegame g andh. Thecolourof thecircleis whiteif theproportionof Csis largerandblack
otherwise.

Figure[d comparegwo cases:An exogenouslygiven learningrule of the ‘switch if bet-
ter’ type, approximateds (do, a, a,) = (0,—100000, 100 000) andthe caseof endogenous
learningrules.

In both picturestwo areascanbe distinguished.One areawheremostof the simulations
leadto a majority of C andanotheronewheremostsimulationsleadto a majority of D. We
male two obsenations:

e Thefixedlearningrule ‘switch if better’,whichis anapproximatiorof thelearningrules
studiedin theliteratureon local evolution with fixedlearningrule@, leadsto resultsthat
arevery similarto thoseobsenedin theliterature.

— Thereis cooperatiorfor asubstantiatangeof prisonersdilemmas.Actually 30.3%
of the 142 prisoners’dilemmasin this simulationleadto a majority of cooperating
players.

— In coordinationgamesplayersdo not follow the principle of risk dominancebut
anothemrinciplewhichis betweerrisk dominanceand Paretodominanc@.

e Underendogenousearningthe rangeof prisoners’dilemmaswhere most playersco-
operateshrinksto 10.2%of the 137 prisoners dilemmasin the respectre simulation.
Behaviour in coordinationgamesagaindoesnot follow risk dominance.

Thefirst pointis interestingo note,becausd shavsthatthe modelthatwe studyin this paper
is comparablevith the modelsstudiedin the literatureon local evolution with fixed learning
rules.

The secondpoint shaws that propertiesof network evolution discussedn the literatureon
local evolution with fixed learningrules persist,at leastto somesmallerdegree, even with
endogenoukearningrules.

16SeeKirchkamp(1995).

7SeeAxelrod (1984,p. 158ff), LindgrenandNordahl(1994),Nowak andMay (1992,1993),Nowak, Bonho-
effer andMay (1993),Eshel,SamuelsomndShaled(1996),andKirchkamp(1995).

8 very similar behaviour is foundfor the fixed learningrule ‘copy the beststratgy foundin the neighbour
hood'’in Kirchkamp(1995).
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4 Conclusions

In this papermwe studiedpropertieof endogenouslgvolving learningrulesandthe stagegame
behaiour thatis implied by theserules. We comparecendogenouslgvolving learningrules
bothwith rulesthatareassumedn standardnodelson local evolutio aswell aswith those
thatturnoutto beoptimalin aglobalconte<.

Regardingthe first comparisorwe find that our dynamicsselectsuleswhich aredifferent
from theonescommonlyassumedh theliteratureonlocal evolution. In particularthelearning
ruleswhichareselectedollowing ourdynamicsaremuchlesssensitveto changesn asampled
playerspayof. This‘suspicion’canberelatedo thefactthatthesampledglayersernvironment
is differentfrom thelearningplayersone.

Comparingendogenousulesfrom local evolution with optimalrulesfrom a globalmodel
wefind two differencesEndogenousulesarenotsymmetricandthey oftenimply deterministic
behaiour. Thelack of symmetryin thelearningrule is analogoudo thelack of symmetryin a
learningplayersandtherespectre neighboursituation. Thedeterministidoehaiour is aresult
of thelack of patiencewhichis aconsequencef the morethaninfinitesimallearningspeed.

As far asthe stagegamebehaiour is concernedve find thatimportantpropertiesof stage
gamebehaiour, like cooperatiorfor someprisoners’dilemmasand coordinationnot on risk
dominantequilibria,is presenbothwith fixedlearningrulesspecifiedn theliteratureandwith
our endogenoukearningrules,however, with endogenousulesto a morelimited degree.

Besideghe selectiondynamicsthatwe presenherewe have alsoanalyseddtherselection
dynamics.In KirchkampandSchlag(1995)we studydynamicswhereplayersuselesssophis-
ticatedupdaterulesthanthe OLS-modelusedin this paper We have analysednodelswhere
playersmove only in the directionof the maximumof the OLS model,but do notadoptthees-
timateof the optimalrule immediately Furtherwe have analysednodelswhereplayersdo not
estimatearny modelatall butinsteadcopy successfuheighboursBothalternatve specifications
leadto similar propertieof learningrules: Switchingprobabilitiesarelesssensitve to changes
in payof of theneighbourandmoresensitveto changesn payofs of thelearningplayer Also
propertief theinducedstagegamebehaiour aresimilar: Both alternatve specificationsead
to cooperatiorfor someprisoners'dilemmasandcoordinatiomot on risk dominantequilibria.
Thus,we canregardthe above resultsasfairly robust.

19SeeAxelrod (1984,p. 158f), LindgrenandNordahl(1994),Nowak andMay (1992,1993),Nowak, Bonho-
efferandMay (1993),Eshel,SamuelsomndShaled (1996),andKirchkamp(1995).
20seeBorgersandSarin(1995),Schlag(1993,1994).
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