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1 Introduction

Homepage: http://www.kirchkamp.de/

Literature:

• Bradley Efron and Robert J. Tibshirani, An In-
troduction to the Bootstrap, Chapman & Hall,
1994.

• A. C. Davison, D. V. Hinkley, Bootstrap Meth-
ods and their Application, Cambridge Univer-
sity Press, 1997.

Aim of the course In this course we will discuss res-
ampling methods like the bootstrap, jackknife, or permuta-
tion tests. Resampling methods provide solutions to a
couple of interesting problems without making specific
distributional assumptions.

Purpose of this handout In this handout you find all
slides from the lecture (in a more printer friendly version).
You also find (most of) the examples in R I plan to use in
the lecture.

1.1 Motivation

Let us start with a simple example: a comparison of two
treatments:

library(bootstrap)

library(boot)

par(mar = c(4, 4, 0, 0))

plot(ecdf(mouse.t), xlim = range(mouse.c, mouse.t), verticals = TRUE,

main = "survival of mice", xlab = "days")

lines(ecdf(mouse.c), lty = "dashed", verticals = TRUE)

legend("bottomright", c("treated", "control"), lty = c("solid",

"dashed"), bg = "white")
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Treated mice have a larger mean survival time:

mean(mouse.t)

[1] 86.85714

mean(mouse.c)

[1] 56.22222

http://www.kirchkamp.de/
http://www.kirchkamp.de/
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Question: Is the difference significant?
Traditionally we estimate

x̄ =
1

n

n

∑
i=1

xi σ̂2
x =

1

n− 1

n

∑
i=1

(xi − x̄)2

and hence

σ̂x̄ =

√
ŝ2x
n

The estimated standard error of the difference between
the two means x̄ and ȳ is

σ̂x̄−ȳ =

√
ŝ2x
n
+

ŝ2y

m

sdDiff <- sqrt(var(mouse.t)/length(mouse.t) + var(mouse.c)/length(mouse.c))

[1] 28.92647

Hence t = x̄−ȳ
σx̄−ȳ

is

t <- (mean(mouse.t) - mean(mouse.c))/sdDiff

[1] 1.059062

Is this is large number?

2 * (1 - pnorm(t))

[1] 0.2895715

Why are we allowed to do this?

Central limit theorem
Be X1, . . . ,Xn a sequence of independently and identically
(i.i.d.) distributed random variables, then with expected
value E(X) and variance σ2

X, then

lim
n→∞

∑
n
i=1 Xi − nE(X)

σ
√
n

=

= lim
n→∞

(
∑

n
i=1 Xi

n
− E(X)

)
·
√
n

σ
∼ N(0, 1) .

When do we have a problem?

• When n is small.

• When we are interested in a statistic other than the
mean.

Example: Let us assume we are interested in the me-
dian:

mean(mouse.t) - mean(mouse.c)

[1] 30.63492

median(mouse.t) - median(mouse.c)

[1] 48

• In this example the difference in medians is larger
than the difference in means. But what is the stand-
ard error of the difference in medians?

• There are formulas for the standard error of medians,
but they require specific distributions of X.

• Do we know the distribution of X? —No, but we can
estimate it!

• Above we have estimated E(X) by using our sample

to calculate the statistic: x̄ = Ê(X)

• Now we use our sample as an estimation of the dis-
tribution of X.
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Let us assume that we are interested in the statistic s.
Our estimation of the distribution of X is given by the
distribution of the dataset x.

dataset
x = (x1, x2, . . . , xn)

bootstrap
sample 1

x∗1

bootstrap
sample 2

x∗2
· · ·

bootstrap
sample B

x∗B

bootstrap
replication 1

s(x∗1)

bootstrap
replication 2

s(x∗2)
· · ·

bootstrap
replication B

s(x∗B)

http://www.kirchkamp.de/
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Then our estimate of the distribution of s is given by

the distribution of the bootstrap replications s(x∗1), s(x∗2),
. . . , s(x∗1).

Our estimate of the standard error of s(x) is given
by the standard deviation of the boostrap replications

s(x∗1), s(x∗2), . . . , s(x∗1).

σ̂s,BS = seBb=1(s(x
∗b)) =

=

√√√√ 1

B− 1

B

∑
b=1

(
s(x∗b)− 1

B

B

∑
b=1

s(x∗b)

)2

set.seed(123)

sdDiff2 <- sd(replicate(100, mean(sample(mouse.t, replace = TRUE)) -

mean(sample(mouse.c, replace = TRUE))))

sdMedianDiff2 <- sd(replicate(100, median(sample(mouse.t,

replace = TRUE)) - median(sample(mouse.c, replace = TRUE))))

sdMedian <- function(B) sd(replicate(B, median(sample(mouse.t,

replace = TRUE)) - median(sample(mouse.c, replace = TRUE))))

set.seed(123)

B <- round(exp(seq(2, 8, 0.3)))

sdMedianEstimates <- sapply(B, sdMedian)

par(mar = c(4, 4, 0, 0))

plot(sdMedianEstimates ~ B, log = "x", t = "l")
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• A number of 50 . . . 200 bootstraps is usually sufficient
to estimate standard errors.

→ we increase computational complexity by a factor of
50 . . . 200.

→ we do not have to worry about “unusual” statistics
or distributions.

We replace complicated derivations based on specific dis-
tributions with computing power.

Exercise 1.1 The dataset x1.csv contains two variables, x1
and x2.

• What is the interquartile range of x1?

• What is the standard deviation of your estimate?

• Draw a graph with the number of bootstrap replications on
the horizontal axis and the estimated standard deviation on
the vertial axis. How quick does your estimation converge?

2 Parameters, distributions and the

plug-in principle

universe U U1 U2 · · · UN ← units

population X

(measurements of U )
X1 X2 · · · XN

population
distribution

F

random sample x x1, x2, · · · , xn
empirical

distribution
F̂

Note that with independence F̂ is a sufficient statistic for F

(we can use either x or F̂ to learn something about F).

What can we learn from x about X?

Parameters and distributions

F is a distribution of X iff

F(x, θ, . . .) ≡ P(X < x|θ, . . .)

We call θ a parameter of F.

Parameters and statistics

θ = t(F)

t(·) is a statistic of F.

• What happens if we don’t know F, but (only) F̂?

→ If F is determined by a small number of parameters
(i.e. we know a lot about F, we miss only θ, e.g. we
know that F is normal) then we can use ML or MM.
But what if F has many other parameters?

The plug-in principle

θ̂ = t(F̂)

We (simply) apply the statistic t(·) to obtain an
estimator for θ.

http://www.kirchkamp.de/
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Example: the law school data

par(mar = c(4, 4, 0, 0))

with(law82, plot(100 * GPA ~ LSAT, ylab = "GPA"))

points(law, pch = 3)

legend("bottomright", c("population", "sample"), pch = c(1,

3))
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Our population are 82 law schools (dataset law82).
Our sample (law) only contains 15 observations.
We are interested in the correlation of GPA (Grade Point

Average, undergraduate score) and LSAT (Law School Ad-
mission Test Score).

(i.e. the θ and the t(·)we are talking about is the correl-
ation.)

The true score:

with(law82, cor(GPA, LSAT))

[1] 0.7599979

The plug-in estimate:

with(law, cor(GPA, LSAT))

[1] 0.7763745

Convergence Why does it make sense to use a plug-in
estimator?

Glivenko-Cantelli’s theorem (1933)
sup
x
|F̂n(x)− F(x)| n→∞→ 0 almost surely

if t(F̂) is continuous then

t(F̂n)
n→∞→ t(F) = θ almost surely

We can use the bootstrap to measure. . .

• . . . the bias of the plug-in estimate

• . . . the standard error of the plug-in estimate

3 Estimating standard errors

3.1 The bootstrap algorithm for standard er-
rors

• x1, x2, . . . , xn are n observed values.

• F̂ is the empirical distribution (with probability 1/n
on each of x1, x2, . . . , xn).

• x∗ = (x∗1 , x
∗
2 , . . . , x

∗
n) is a bootstrap sample, drawn

from F̂.

(x∗ = (x∗1 , x
∗
2 , . . . , x

∗
n) is a random sample of size n

drawn with replacement from the observed values
x1, x2, . . . , xn).

• θ̂∗ = s(x∗) is a bootstrap replication of θ̂.

• seF(θ̂) is the standard error of θ̂ (we usually can not
calculate seF(θ̂)).

• seF̂(θ̂
∗) is the (ideal) bootstrap estimate of seF(θ̂).

seF̂(θ̂
∗) can be hard to calculate.

We can, however, get a good approximation of
seF̂(θ̂

∗).

The bootstrap algorithm for standard errors

1. Draw B independent bootstrap samples
x∗1, x∗2, . . . , x∗B.

Each sample has size n and is drawn with replace-
ment from x1, x2, . . . , xn.

2. For bootstrap sample b = 1, 2, . . . , B determine θ̂∗b =
s(x∗b).

3. σ̂s,BS = seBb=1(θ̂
∗b) =

√
1

B−1 ∑
B
b=1

(
θ̂∗b − 1

B ∑
B
b=1 θ̂∗b

)2

lim
B→∞

σ̂s,BS = seF̂(θ̂
∗)︸ ︷︷ ︸

ideal bootstrap

F̂→

x∗1 → s(x∗1) = θ̂∗1

x∗2 → s(x∗2) = θ̂∗2
...

x∗b → s(x∗b) = θ̂∗b
...

x∗B → s(x∗B) = θ̂∗B





→ seBb=1(θ̂
∗b) = σ̂s,BS

http://www.kirchkamp.de/
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3.2 The law school data again
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We estimated the correlation between GPA and LSAT
as follows:

lawCor <- with(law, cor(GPA, LSAT))

[1] 0.7763745

How precise is this estimate? If F is bivariate normal,
then the estimated correlation coefficient ρ̂ has a standard
deviation of about

σ̂normal =
1− ρ̂2√
n− 3

≈ 0.115

With a bootstrap we can live without the assumption
that F is normal.

set.seed(123)

samplesize <- dim(law)[1]

ind <- 1:samplesize

law.boot <- replicate(200, {

i2 <- sample(ind, replace = TRUE)

with(law[i2, ], cor(GPA, LSAT))

})

sd(law.boot)

set.seed(123)

ind <- 1:samplesize

lawBS <- function(B) sd(replicate(B, {

i2 <- sample(ind, replace = TRUE)

with(law[i2, ], cor(GPA, LSAT))

}))

BSsizes <- round(exp(seq(2, 8, 0.3)))

BSestimates <- sapply(BSsizes, lawBS)

plot(BSestimates ~ BSsizes, log = "x", t = "l")
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The distribution of θ̂∗ What is the distribution of the
bootstrap replications F̂(θ̂∗) and how does this compare to
F(θ̂∗)?

set.seed(123)

ind <- 1:dim(law)[1]

law.boot <- replicate(5000, {

i2 <- sample(ind, size = samplesize, replace = TRUE)

with(law[i2, ], cor(GPA, LSAT))

})

ind <- 1:dim(law82)[1]

law82.boot <- replicate(5000, {

i2 <- sample(ind, size = samplesize, replace = TRUE)

with(law82[i2, ], cor(GPA, LSAT))

})

hist(law82.boot, breaks = 40)

Histogram of law82.boot
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hist(law.boot, breaks = 40)

Histogram of law.boot
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Comparison of the bootstrap estimate seF̂(σ̂) with the
standard error seF(σ̂):

sd(law.boot)

[1] 0.1343748

sd(law82.boot)

[1] 0.125938

Exercise 3.1 Look again at the dataset x1.csv.

• What is the average value of the ratio x1/x2.

• What is the standard deviation we would obtain with the
standard formula?

• Use a bootstrap to estimate the standard deviation.

• How does the standard deviation converge? Show a graph!

3.3 How many bootstrap samples do we need?

Coefficient of variation
cvX :=

σX
|µX |

cv(ŝeB)
·
=

√
cv(ŝe∞)2 +

1

4B
(E(∆) + 2)

• ∆ is a measure for long-tailedness of the distribution
of θ̂∗. For the normal distribution ∆ = 0 and usually
∆ < 10.

• The magnitude of cv(ŝe∞) depends on

– F̂,

– the statistic s(·),
– and the sample size.

3.4 The parametric bootstrap

Now we assume that we know a lot about F, e.g. that F
follows a (multivariate) normal distribution.

• x1, x2, . . . , xn are n observed values.

• estimate the parameters of F (e.g. mean, variance, co-
variance in the case of a normal distribution) and ob-
tain Fpar.

• Apply the bootstrap algorithm for standard errors to
Fpar.

Example: The law school data again Bivariate normal
random variables

If x and y have variance-covariance matrix

Σxy =

(
σ2
x σxy

σxy σ2
y

)

and if r1 and r2 are random variables that follow a stand-
ard normal distribution, then x and y can be constructed as
follows:

x = µx + σxr1

y = µy + σy
r1 + c · r2√

1+ c2

with c =
√

σ2
xσ2

y/σ2
xy − 1.

paraBoot <- function(XY, B) {

sigma <- cov(XY)

mu <- rapply(XY, mean)

c <- sqrt(prod(diag(sigma))/sigma[1, 2]^2 - 1)

r1 <- rnorm(B)

r2 <- rnorm(B)

x <- mu[1] + sqrt(sigma[1, 1]) * r1

y <- mu[2] + sqrt(sigma[2, 2]) * (r1 + c * r2)/sqrt(1 +

c^2)

cbind(x, y)

}

set.seed(123)

pBoot <- replicate(5000, cor(paraBoot(law, samplesize))[2,

1])

hist(pBoot, breaks = 40)

http://www.kirchkamp.de/
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Histogram of pBoot

pBoot

F
re
q
u
en

cy

0.2 0.4 0.6 0.8 1.0

0
10
0

20
0

30
0

40
0

And what is the parametric bootstrap estimation of the
standard deviation?

sd(pBoot)

[1] 0.1168820

Exercise 3.2 Return to exercise 3.1. What result would you ob-
tain with a parametric bootstrap?

3.5 Eigenvalues und Eigenvectors

Let us construct a 100× 4 matrix which we interpret at 100
observations of 4 different variables.

set.seed(123)

N <- 100

latent <- 10 * runif(N)

latent2 <- 10 * runif(N)

sd <- 1

x1 <- latent + sd * rnorm(N)

x2 <- latent + latent2 + sd * rnorm(N)

x3 <- -latent2 + sd * rnorm(N)

x4 <- latent2 - 2 * latent + sd * rnorm(N)

X <- cbind(x1, x2, x3, x4)

Let us assume that we do not know the underlying
structure and that we use eigenvalues to learn more about
the structure:

lapply(eigen(cov(X)), round, 3)

$values

[1] 53.212 18.772 0.956 0.853

$vectors

[,1] [,2] [,3] [,4]

[1,] -0.388 0.160 0.242 0.875

[2,] -0.292 0.737 0.465 -0.393

[3,] -0.107 -0.609 0.772 -0.150

[4,] 0.867 0.245 0.360 0.241

We find the first two eigenvalues fairly large (indeed,
we constructed the data with two main latent variables in
our mind), and the last two relatively small. Does that
mean that they are not significant?

If λ1, λ2, λ3, λ4 are the eigenvalues, then our test stat-
istic is

σ̂∗ = λ̂∗3/
4

∑
i=1

λ̂i

eigen3 <- function(X) {

ee <- eigen(cov(X))[["values"]]

ee[3]/sum(ee)

}

ind <- 1:N

set.seed(123)

eigen3dist <- replicate(5000, eigen3(X[sample(ind, replace = TRUE),

]))

hist(eigen3dist, breaks = 40)
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Now let us compare our initial estimate. . .

eigen3(X)

[1] 0.01295262

. . .with the mean of the bootstrap replications:

mean(eigen3dist)

[1] 0.01371007

3.6 When bootstraps fail

Consider the following problem: X follows a uniform dis-
tribution over [0, θ]. The ML estimator for θ̂ is max(Xi). We
have a sample of 20 observations.

We compare:

1. Standard bootstrap of θ̂∗.

2. Parametric bootstrap based on a uniform distribution
[0, θ̂].

set.seed(123)

N <- 50

X <- runif(N)

thetaHat <- max(X)

standardBoot <- replicate(5000, max(sample(X, N, replace = TRUE)))

paramBoot <- replicate(5000, max(runif(N, min = 0, max = thetaHat)))

http://www.kirchkamp.de/
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hist(standardBoot, breaks = 40)

Histogram of standardBoot
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hist(paramBoot, breaks = 40, xlim = range(standardBoot))
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4 More complicated data structures

4.1 Motivation

The bootstrap in one-sample problems

true
distribution

F

empirical
distribution

F̂

observed
sample

(x1, . . . , xn)

bootstrap
sample

(x∗1 , . . . , x
∗
n)

statistic

θ̂

bootstrap replication

θ̂∗

Crucial is the step from the observed sample
(x1, . . . , xn) to the empirical distribution F̂ in the bootstrap.

The above procedure does not work with more com-
plicated data structure. Let us look again at the mice data:

plot(ecdf(mouse.t), xlim = range(mouse.c, mouse.t), verticals = TRUE,

main = "survival of mice", xlab = "days")

lines(ecdf(mouse.c), lty = "dashed", verticals = TRUE)

legend("bottomright", c("treated", "control"), lty = c("solid",

"dashed"), bg = "white")
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Here we have two samples. When we move from our
observations to the bootstrap we use the distribution of
both samples as a starting point for the bootstrap.

The bootstrap with more general data structures Let us
call the data generating process P.

http://www.kirchkamp.de/
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DGP
P

estimated
DGP
P̂

observed
data

(x1, . . . , xn)

bootstrap
sample

(x∗1 , . . . , x
∗
n)

statistic

θ̂

bootstrap replication

θ̂∗

4.2 Regression

In a linear model the data structure is more complicated:

yi = βxi + ǫi

• “bootstrapping pairs”:

we sample with replacement from the set

{(x1, y1), (x2, y2), . . . , (xn, yn)}

• “bootstrapping residuals”:

– We first estimate β̂ from the model.

– We then estimate the residuals ǫ̂i.

– We sample with replacement from the ǫ̂i and use
the following dataset:

{(x1, β̂x1+ ǫ̂i1), (x2, β̂x2+ ǫ̂i2), . . . (xn, β̂xn+ ǫ̂in)}

4.2.1 Bootstrapping pairs

We first create some data points:

set.seed(123)

N <- 15

sd <- 1.5

x <- rnorm(N)

y <- 3 * x + sd * rnorm(N)^2

est <- lm(y ~ x)

plot(y ~ x)

abline(est)
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set.seed(123)

bootPair <- replicate(5000, {

ind <- sample(1:N, replace = TRUE)

coef(lm(y[ind] ~ x[ind]))[2]

})

hist(bootPair, breaks = 40)

abline(v = coef(est)[2], col = "red")

Histogram of bootPair
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Now we compare the bootstrapped σ̂β with the one from
the regression model:

c(sd(bootPair), sqrt(vcov(est)[2, 2]))

[1] 0.7284414 0.5610004

4.2.2 Bootstrapping residuals

rr <- residuals(est)

beta <- coef(est)

set.seed(123)

bootResid <- replicate(5000, {

epsilon <- sample(rr, replace = TRUE)

coef(lm((cbind(1, x) %*% beta + epsilon) ~ x))[2]

})

hist(bootResid, breaks = 40)

abline(v = coef(est)[2], col = "red")

http://www.kirchkamp.de/


©
O
li
v
er

K
ir
ch

k
a
m
p

Resampling — 4 MORE COMPLICATED DATA STRUCTURES [ 22nd November 2010, 21:37 ] — 10

Histogram of bootResid
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c(sd(bootResid), sd(bootPair), sqrt(vcov(est)[2, 2]))

[1] 0.5190222 0.7284414 0.5610004

Exercise 4.1 We use again the dataset x1.csv. Now we estim-
ate the linear model

x2 = β0 + β1x1 + u

• Estimate β0 and β1

• What is the standard deviation of the coefficients you ob-
tain with the standard regression command?

• What is the standard deviation you obtain when you boot-
strap pairs?

• What is the standard deviation you obtain when you boot-
strap residuals?

4.3 Timeseries — Example: A simple AR-1
process

Let us consider a simple AR-1 process:

yt = βyt−1 + ǫt

Let us first create an AR1 process by hand:

set.seed(123)

N <- 15

epsilon <- rnorm(N)

y <- epsilon

for (i in 2:N) y[i] <- y[i - 1] * 0.7 + epsilon[i]

par(mar = c(4, 4, 0, 0))

plot(y, t = "l")

y

[1] -0.560475647 -0.622510442 1.122951005 0.856574095 0.728889601

[6] 2.225287708 2.018617602 0.147971086 -0.583273091 -0.853953134

[11] 0.626314604 0.798234050 0.959535285 0.782357416 -0.008190944
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5
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5
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0
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5
2.
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Index

y

Of course, this can be done automatically. The same
time series is generated by the following:

arima.sim(n = 15, list(ar = 0.7, sd = 1), innov = epsilon,

n.start = 1, start.innov = 0)

Time Series:

Start = 1

End = 15

Frequency = 1

[1] -0.560475647 -0.622510442 1.122951005 0.856574095 0.728889601

[6] 2.225287708 2.018617602 0.147971086 -0.583273091 -0.853953134

[11] 0.626314604 0.798234050 0.959535285 0.782357416 -0.008190944

What are possible approaches?

bootstrapping pairs: not possible here, would destroy the
time structure

bootstrapping residuals: preserves the time structure,
makes assumptions on independence of residuals

moving blocks: preserves parts of the time structure

Let us start with bootstrapping residuals:

4.3.1 Bootstrapping residuals

Let us try to estimate β:

est <- lm(y[-1] ~ y[-N] - 1)

Call:

lm(formula = y[-1] ~ y[-N] - 1)

Coefficients:

y[-N]

0.5994

arima(y, order = c(1, 0, 0), include.mean = FALSE)

Call:

arima(x = y, order = c(1, 0, 0), include.mean = FALSE)

Coefficients:

ar1

0.5745

s.e. 0.1959

sigma^2 estimated as 0.6732: log likelihood = -18.52, aic = 41.03
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Note that we are not discussing consistency of the
estimator here. There may be better estimators for an
AR1 problem (arima, or gls from nlme or geeglm from
geepack). We will disregard them here since we are only
interested in the standard deviation of β.

To construct the bootstrap sample we will use the es-
timated residuals:

rr <- residuals(est)

beta <- coef(est)

betaBoot <- replicate(5000, {

epsilon <- sample(rr, size = N, replace = TRUE)

y <- epsilon

for (i in 2:N) y[i] <- y[i - 1] * beta + epsilon[i]

coef(lm(y[-1] ~ y[-N] - 1))

})

hist(betaBoot, breaks = 40)

abline(v = c(0.7, mean(betaBoot), coef(est)), col = c("red",

"blue", "green"))

legend("topleft", c(expression(beta), expression(hat(beta)^B),

expression(hat(beta))), col = c("red", "blue", "green"),

lty = 1)

Histogram of betaBoot
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Now let us compare the bootstrap estimate of the stand-
ard error with the regression estimate:

c(sd(betaBoot), sqrt(vcov(est)))

[1] 0.2142523 0.2185490

Now let us assume that we (wrongly) suspect the pro-
cess to be AR-2:

yt = β1yt−1 + β2yt−2 + ǫt

We estimate

est2 <- lm(y[-c(1:2)] ~ y[-c(1, N)] + y[-c(N - 1, N)] -

1)

Call:

lm(formula = y[-c(1:2)] ~ y[-c(1, N)] + y[-c(N - 1, N)] - 1)

Coefficients:

y[-c(1, N)] y[-c(N - 1, N)]

0.8086 -0.3587

What can we say about the accuracy of β̂2?

rr <- residuals(est2)

beta <- coef(est2)

betaBoot <- replicate(5000, {

epsilon <- sample(rr, N, replace = TRUE)

y <- epsilon

for (i in 3:N) y[i] <- y[i - 1] * beta[1] + y[i -

2] * beta[2] + epsilon[i]

coef(lm(y[-c(1:2)] ~ y[-c(1, N)] + y[-c(N - 1, N)] -

1))

})

hist(betaBoot[2, ], breaks = 40)

abline(v = c(0, mean(betaBoot[2, ]), coef(est2)[2]),

col = c("red", "blue", "green"))

legend("topleft", c(expression(beta), expression(hat(beta)^B),

expression(hat(beta))), col = c("red", "blue", "green"),

lty = 1)

Histogram of betaBoot[2, ]

betaBoot[2, ]
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Let us also here compare the estimated standard deviations
of β2:

c(sd(betaBoot[2, ]), sqrt(vcov(est2)[2, 2]))

[1] 0.2643264 0.2871470

4.3.2 Moving blocks

The above regression model assumes that we know a lot
about the data generating process. Here we just assume
that a short block of data already contains a characteristic
pattern.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

· · · 6 7 8 1 2 3 12 13 14 · · ·

blockLen <- 3

blockNum <- N/blockLen

betaBlock <- replicate(5000, {

start <- sample(1:(N - blockLen + 1), size = blockNum,

replace = TRUE)
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blockedIndices <- c(sapply(start, function(x) seq(x,

x + blockLen - 1)))

yy <- y[blockedIndices]

coef(lm(yy[-1] ~ yy[-N] - 1))

})

hist(betaBlock, breaks = 40)

abline(v = c(0.7, mean(betaBlock), coef(est)), col = c("red",

"blue", "green"))

legend("topleft", c(expression(beta), expression(hat(beta)^B),

expression(hat(beta))), col = c("red", "blue", "green"),

lty = 1)

Histogram of betaBlock
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c(sd(betaBlock), sqrt(vcov(est)))

[1] 0.2174306 0.2185490

Exercise 4.2 The dataset x2.csv contains a sequence of values
for x and y. You estimate the following model:

yt = β0 + β1yt−1 + β2xt

• What estimates do you obtain with OLS?

• What are the standard deviations of your estimates if you
use the traditional method?

• Use the bootstrapping residuals methods to obtain stand-
ard deviations.

• Use moving blocks to obtain standard deviations.

• How does the standard deviation depend on the block size?
Provide a plot with the block size on the horizontal axis
and the standard deviations on the vertical axis.

Rules of Thumb (Hall et. al., Biometrica, 1995) The op-
timal block length:

• n1/3 for bias or variance

• n1/4 for a one-sided distribution function

• n1/5 for a symmetrical distribution function

5 Bias

5.1 Estimating the bias

t(F) = θ true parameter, s(x) = θ̂ estimator

BiasF = EF[s(x)]− t(F)

as above we replace F by F̂ to obtain the bootstrap es-
timate of the bias:

BiasF̂ = EF̂[s(x
∗)]− s(F̂)

The bootstrap estimate of the bias

1. Draw B independent bootstrap samples
x∗1, x∗2, . . . , x∗B.

Each sample has size n and is drawn with replace-
ment from x1, x2, . . . , xn.

2. For bootstrap sample b = 1, 2, . . . , B determine θ̂∗b =
s(x∗b).

3. BiasF̂ ≈ B̂iasB =
1

n

B

∑
b=1

θ̂∗b − s(x)

DGP
P

estimated DGP
P̂

observed
data

(x1, . . . , xn)

bootstrap
sample

(x∗1 , . . . , x
∗
n)

parameter
θ(P)

θ̂ θ̂∗

BiasP
(θ̂, θ)

BiasP̂
(θ̂∗, θ∗)

Example: The patch data

We are interested in “bioequivalence”

E(new patch)− E(old patch)

E(old patch)− E(placebo patch)
=

E(y)

E(z)
≈

≈ ȳ

x̄
=
−452.25
6342.375

≈ −0.0713

data(patch, package = "bootstrap")

plot(y ~ z, data = patch)
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N <- dim(patch)[1]

set.seed(123)

thetaHatS <- replicate(5000, {

ind <- sample(1:N, replace = TRUE)

with(patch[ind, ], mean(y)/mean(z))

})

hist(thetaHatS, breaks = 40)

thetaHat <- with(patch, mean(y)/mean(z))

abline(v = thetaHat, col = "red")

abline(v = mean(thetaHatS), col = "blue")

Histogram of thetaHatS
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Estimated bias and standard deviation

bias <- mean(thetaHatS) - thetaHat

[1] 0.01032944

c(sd(thetaHatS), bias/sd(thetaHatS))

[1] 0.1017147 0.1015531

5.2 A better estimate for the bias

A problem in

BiasF̂ ≈ B̂iasB =
1

n

B

∑
b=1

θ̂∗b − s(x)

is that in 1
n ∑

B
b=1 θ̂∗b some observations are sampled

more frequently than others, while in s(x) all observations
in x have the same weight. We should correct for the dif-
ferent weights.

• We can express the sampling process as a list of
“sampled” indices.

• Alternative we can express the sampling process as
frequencies:

P∗i =
1

n
· #{x∗j = xi} for i = 1, . . . , n

Hence, we define a resampling vector

P∗ = (P∗1 , . . . , P
∗
n ) with

n

∑
i=1

P∗i = 1

In our case:

θ̂∗ =
ȳ∗

z̄∗
=

∑
n
i=1 P

∗
i yi

∑
n
i=1 P

∗
i zi

More generally, similar to θ̂ = t(F) we write

θ̂∗ = T(P∗)

Let P0 =
(
1
n ,

1
n , . . . ,

1
n

)
be a vector of length nwhere all ele-

ments are 1/n, i.e. all elements of x have the same weight.

T(P0) = θ̂ = t(F̂)

Above we defined

B̂iasB =
1

n

B

∑
b=1

θ̂∗b − s(x) =
1

n

B

∑
b=1

T(P∗b)− T(P0)

Now we define

P̄
∗ =

1

B

B

∑
b=1

P∗b

Then a better estimate for the bias is

BiasB =
1

n

B

∑
b=1

T(P∗b)− T(P̄∗)
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5.3 The jackknife

With the above “better” estimate we still have to calculate
a large number of replications. Furthermore, all these rep-
lications are random. Is there a more systematic way?

The jackknife leaves out only one observation from n
observations:

x = (x1, x2, · · · , xn)

x(i) = (x1, x2, · · · , xi−1, xi+1, · · · , xn)
For each jackknife replication we calculate

θ̂(i) = s(x(i))

Then

B̂iasjack = (n− 1)

(
1

n

n

∑
i=1

θ̂(i)− θ̂

)

jacks <- sapply(1:N, function(i) with(patch[-i, ], mean(y)/mean(z)))

[1] -0.05711856 -0.12849970 -0.02145610 -0.13245033 -0.05067038

[6] -0.08404803 -0.06486298 -0.02219698

biasJack <- (N - 1) * (mean(jacks) - thetaHat)

[1] 0.008002488

The jackknife works well if t(·) is a smooth statistic.
(e.g. the median is not smooth)

There is also a jackknife estimate of the standard error:

ŝejack =

√√√√n− 1

n

n

∑
i=1

(
θ̂(i) −

1

n

n

∑
i=1

θ̂(i)

)2

=
n− 1√

n
se(θ̂(i))

c(sd(jacks) * (N - 1)/sqrt(N), sd(thetaHatS))

[1] 0.1055278 0.1017147

5.4 Covergence

set.seed(123)

T <- function(P) with(patch, (y %*% P)/(z %*% P))

weights <- matrix(0, N, N)

diag(weights) <- 1

Pzero <- rep(1, N)/N

Pvec <- function() apply(weights[sample(1:N, replace = TRUE),

], 2, sum)/N

estimate <- function(B) {

Pbar <- rep(0, N)

thetaStar <- mean(replicate(B, {

PP <- Pvec()

Pbar <<- Pbar + PP

T(PP)

}))

c(biasBar = thetaStar - T(Pbar/sum(Pbar)), biasHat = thetaStar -

T(Pzero))

}

Bs <- round(exp(seq(2, 8, 0.3)))

estimates <- sapply(Bs, estimate)

plot(estimates["biasHat", ] ~ Bs, log = "x", t = "l",

lty = "dashed", ylab = "Bias")

lines(estimates["biasBar", ] ~ Bs, t = "l")

abline(h = 0, lty = "dotted")

abline(h = biasJack, lty = 4)

legend("topright", c(expression(bar(Bias)), expression(widehat(Bias)),

"jackknife"), lty = c(1, 2, 4))
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Exercise 5.1 1. You suspect that your estimate for the coef-
ficient of yt−1 in exercise 4.2 might be biased.

• What is the standard bootstrap estimate of the bias?

• What is the better estimate?

• What is the jackknife estimate?

2. Now you use a median regression to estimate the relation-
ship in exercise 4.2, i.e. you minimise the sum of absolute
values of residuals, and not, as in OLS, the sum of squared
residuals.

• What coefficients do you estimate?

• What is the standard bootstrap estimate of the bias?

• What is the better estimate?

• What is the jackknife estimate?
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6 Confidence intervals

The aircondit data: Failure times of air-conditions.

data(aircondit, package = "boot")

plot(ecdf(aircondit$hours), xlab = "time between failures")
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airMean <- mean(aircondit$hours)

The distribution does not look normal.

6.1 The exact approach:

• Works even for small samples

• requires knowledge of the “true” distribution

• may require some serious transformations

If failures times follow a Poisson distribution then the
times between failure follow an exponential distribution.

f (x, λ) =

{
λe−λx x ≥ 0

0 x < 0

To find λ we can use ML: λ̂ = n/ ∑ xi = 1/x̄.

with(aircondit, {

n <<- length(hours)

lambda <<- length(hours)/sum(hours)

})

plot(ecdf(aircondit$hours), xlab = "time between failures")

with(list(x = seq(0, 500, 10)), lines(1 - exp(-lambda *

x) ~ x, lty = "dotted"))
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With λ = 0.00925 and x̄ = 108 we can now try to work
out the distribution of the mean of an exponentially dis-
tributed random variable.

CI1/λ =

[
1

λ̄

2n

χ2
2n,1−α/2

;
1

λ̄

2n

χ2
2n,α/2

]

alpha <- 5/100

sapply(c(1 - alpha/2, alpha/2), function(alpha) 2 * n/(lambda *

qchisq(alpha, 2 * n)))

[1] 65.89765 209.17415

6.2 The normal approximation:

• Asymptotically the mean follows a normal distribu-
tion

• Hence: We can do this when the sample is “large”

6.2.1 . . . based on parametric estimates of σ

confint(lm(hours ~ 1, data = aircondit))

2.5 % 97.5 %

(Intercept) 21.52561 194.6411

6.2.2 . . . based on bootstrap estimates of σ

set.seed(123)

xx <- with(aircondit, replicate(5000, c(mean = mean(sample(hours,

replace = TRUE)), sd = sd(sample(hours, replace = TRUE)))))

mean(xx["mean", ]) + c(1, -1) * qnorm(alpha/2) * sd(xx["mean",

])

[1] 33.62068 182.08342

Canwe use a normal approximation for the distribution
of the mean?
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qqnorm(xx)

qqline(xx)

−4 −2 0 2 4

50
10

0
15

0
20

0
25

0

Normal Q−Q Plot

Theoretical Quantiles

S
am

p
le

 Q
u

an
ti

le
s

6.3 The bootstrap-t interval

Idea: If θ is the mean of a normally distributed random
variablen, then we have

θ̂− θ

σ̂θ̂

∼ tn−1 → CI =
[

θ̂− t
(1−α/2)
n−1 σ̂θ̂, θ̂ − t

(α/2)
n−1 σ̂θ̂

]

If θ is something else, we can bootstrap our own distri-
bution of t̂:

For each bootstrap sample b we calculate approximate
pivots:

Z∗(b) =
θ̂∗(b)− θ̂

σ̂∗
θ̂
(b)

The quantiles of the distribution of Z∗ are the quantiles
of t̂.

N <- dim(aircondit)[1]

thetaHat <- mean(aircondit[["hours"]])

bT <- (xx["mean", ] - thetaHat)/(xx["sd", ]/sqrt(N))

plot(function(x) pt(x, N - 1), -3, 3, lty = 2, ylab = "F(x)")

plot(ecdf(bT), xlim = c(-1.5, 1.5), add = TRUE)

abline(v = 0, h = 0.5, lty = 2)

legend("topleft", c("bootstrap-t", expression(t[11])),

lty = c(1, 2), bg = "white")
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(note that we need a lot of bootstrap samples to obtain
reliable quantiles)

Now let us compare the quantiles of the orignal t-
distribution with the bootstrap-t:

quantile(bT, c(alpha/2, 1 - alpha/2))

2.5% 97.5%

-3.011323 3.608497

qt(c(alpha/2, 1 - alpha/2), N - 1)

[1] -2.200985 2.200985

CI =
[
θ̂ − t̂

(1−α/2)
n−1 σ̂θ̂, θ̂− t̂

(α/2)
n−1 σ̂θ̂

]

mean(xx["mean", ]) + quantile(bT, c(alpha/2, 1 - alpha/2)) *

sd(xx["mean", ])

2.5% 97.5%

-6.198339 244.519703

6.3.1 Two problems with bootstrap-t

• Abovewe did use a standard formula to obtain σ̂∗
θ̂
(b).

What, if such a formula does not exist? We can, of
course, bootstrap σ̂∗

θ̂
(b), but this requires to run a

bootstrap for each of our bootstrap samples.

• The bootstrap-t procedure is not invariant with re-
spect to transformations of the variable we are study-
ing.

6.4 Percentile intervals

CI% =
[

θ̂∗(α/2), θ̂∗(1−α/2)
]

quantile(xx["mean", ], c(alpha/2, 1 - alpha/2))

http://www.kirchkamp.de/


©
O
li
v
er

K
ir
ch

k
a
m
p

Resampling — 6 CONFIDENCE INTERVALS [ 22nd November 2010, 21:37 ] — 17

2.5% 97.5%

46.8250 193.5896

Why is this an “interesting” confidence interval?

Percentile interval lemma
[Efron and Tibshirani] Suppose the transformation φ̂ =
m(θ̂) perfectly normalises the distribution of θ̂:

φ̂ ∼ N(φ, c2)

Then

CI% =
[
θ̂∗(α/2), θ̂∗(1−α/2)

]
=

=
[
m−1

(
φ̂− c · z1−α/2

)
,m−1

(
φ̂− c · zα/2

)]

What happens if the intervals are asymmetric? Note
that the bootstrap-t and the percentile interval come to op-
posite conclusions. If θ∗b has a long left tail, then the per-
centile interval will deviate from the mean more to the left
than to the right.

The bootstrap-t will do the opposite.

6.5 BCa-intervals

Remember: Percentile intervals: CI% =
[
θ̂∗(α/2), θ̂∗(1−α/2)

]

Now we adjust the α/2 and 1− α/2 levels: BCa =[
θ̂∗(α1), θ̂∗(α2)

]

with

α1 = Φ

(
ẑ0 +

ẑ0 + z(α/2)

1− â(ẑ0 + z(α/2))

)

α2 = Φ

(
ẑ0 +

ẑ0 + z(1−α/2)

1− â(ẑ0 + z(1−α/2))

)

• ẑ0 = Φ−1
(
#{θ̂∗(b)<θ̂}

B

)
: bias correction

• â =
∑

n
i=1(θ̂(·)−θ̂(i))

3

6(∑
n
i=1(θ̂(·)−θ̂(i))

2)
3/2 : acceleration

Note first that if ẑ0 = 0 and â = 0 then α1 = Φ(z(α/2)) =

α/2 and α2 = Φ(z(1−α/2)) = 1− α/2.
ẑ0 shifts the interval to the left or to the right. â makes

the interval wider or smaller.

• BCa is transformation respecting

• BCa converges faster than the standard and the per-
centile method.

jack <- function(x, FUN) sapply(1:length(x), function(i) FUN(x[-i]))

u <- jack(aircondit$hours, mean)

acc <- sum((mean(u) - u)^3)/(6 * sum((mean(u) - u)^2)^(3/2))

z0 <- qnorm(mean(xx["mean", ] < thetaHat))

alphaI <- function(alpha) {

zA <- z0 + qnorm(alpha)

pnorm(z0 + zA/(1 - acc * zA))

}

quantile(xx["mean", ], c(alphaI(alpha/2), alphaI(1 -

alpha/2)))

6.904699% 99.60277%

57.18049 231.38074

Since people need BCa frequently, the function is
provided in the library bootstrap.

bcanon(aircondit$hours, 5000, mean, alpha = c(alpha/2,

1 - alpha/2))

$confpoints

alpha bca point

[1,] 0.025 58.25

[2,] 0.975 230.75

$z0

[1] 0.1226301

$acc

[1] 0.09379807

$u

[1] 117.63636 117.45455 117.27273 116.27273 114.00000 110.18182

[7] 109.63636 109.00000 108.81818 106.09091 97.00000 73.63636

$call

bcanon(x = aircondit$hours, nboot = 5000, theta = mean, alpha = c(alpha/2,

1 - alpha/2))

6.6 Comparison

BCa standard percentile bootstrap-t
transformation
respecting

+ +

speed 1/n 1/
√
n 1/

√
n 1/n

Exercise 6.1 The file x3.csv contains a vector of numbers.

1. Determine the mean of these numbers.

2. You assume that these numbers follow a χ2 distribution
with 1 degree of freedom. What is the distribution of the
mean of these numbers?

3. Based in the χ2 distribution, determine a 95% confidence
interval for the mean.

4. Assume that the mean follows a normal distribution. De-
termine the confidence interval on the basis of the paramet-
ric estimate of the standard deviation.

5. Assume that the mean follows a normal distribution. De-
termine the confidence interval on the basis of the bootstrap
estimate of the standard deviation.

6. Determine the bootstrap-t confidence interval.

7. Determine the percentile confidence interval.

8. Determine the BCa confidence interval.
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7 Hypothesis Testing

7.1 Permutation tests

Null hypotheses Idea: we have two samples, x and y,
drawn from perhaps the same, perhaps different distribu-
tions:

F → x = (x1, x2, · · · , xn)
G → y = (y1, y2, · · · , ym)

Our null hypothesis is

H0 : F = G

Let us assume in this example that we do a one-sided test,
i.e. our alternative hypothesis would assume that values of
x are larger on average than those of y.

Let us rephrase the problem in terms of a test statistic:

θ̂ = x̄− ȳ

What can we conclude from observing that θ̂ is large?
Let us assume that we expect θ̂ to be small as long as H0

holds.
We define the achieved significance level as

ASL = Pr{θ̂∗H0
≥ θ̂}

If we know that F = N(µx, σ
2) and G = N(µy, σ

2) our
null hypothesis H0 is equivalent to µx = µy.

If H0 holds, θ̂ ∼ N
(
0, σ2 ·

(
1
n + 1

m

))

Then

ASL = Pr{θ̂∗H0
≥ θ̂}

= Pr

{
Z ≥ θ̂

σ
√
1/n+ 1/m

}

= Φ

(
− θ̂

σ
√
1/n+ 1/m

)

In a normal world θ̂ follows a “known” distribution.
We can bootstrap the distribution of θ̂ under H0:

• We join the two samples (x, y) and split it randomly
into two subsamples x′ and y′ of size n and m, re-
spectively (i.e. we forget the original assiciation to F
and G).

The two-sample permutation test statistic

1. We choose B independent subsamples x′ and y′ taken
(without replacement) from the joint sample (x, y).

2. We calculate θ̂∗(b) for each sample.

3. ÂSLperm = 1
B · #{θ̂∗(b) > θ̂ }

Ideally, we would take B = (Nn) many subsamples to
calculate the exact ASL:

ASLperm = #{θ̂∗(b) > θ̂ }
/(N

n

)

t.test(mouse.t, mouse.c, alternative = "greater", var.equal = TRUE)

Two Sample t-test

data: mouse.t and mouse.c

t = 1.1214, df = 14, p-value = 0.1405

alternative hypothesis: true difference in means is greater than 0

95 percent confidence interval:

-17.48178 Inf

sample estimates:

mean of x mean of y

86.85714 56.22222

thetaHat <- mean(mouse.t) - mean(mouse.c)

[1] 30.63492

xy <- c(mouse.c, mouse.t)

n <- length(mouse.c)

N <- length(xy)

thetaStar <- replicate(5000, {

indx <- sample(1:N, n)

mean(xy[indx]) - mean(xy[-indx])

})

plot(ecdf(thetaStar), do.points = FALSE)

abline(v = thetaHat)

mean(thetaStar > thetaHat)

[1] 0.1428
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7.2 Bootstrap tests

The two-sample bootstrap test statistic

1. We choose B independent subsamples x′ and y′ taken
(with replacement) from the joint sample (x, y).

2. We calculate θ̂∗(b) for each sample.

3. ÂSLBS =
1
B · #{θ̂∗(b) > θ̂ }

(The main difference to permutation tests is that here
we sample with replacement, and not without.

xy <- c(mouse.c, mouse.t)

n <- length(mouse.c)

m <- length(mouse.t)

N <- length(xy)

thetaStar2 <- replicate(5000, mean(sample(xy, n, replace = TRUE)) -

mean(sample(xy, m, replace = TRUE)))

plot(ecdf(thetaStar2), do.points = FALSE)

lines(ecdf(thetaStar), do.points = FALSE, col = "green")

legend("topleft", c("bootstrap test", "permutation test"),

col = c("black", "green"), lty = 1, bg = "white")

abline(v = thetaHat)

mean(thetaStar > thetaHat)

[1] 0.1428
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7.3 Bootstrap-t tests

Let us first consider H0 that the means and the standard
devisions in both samples are the same:

tStat <- replicate(5000, {

xx <- sample(xy, n, replace = TRUE)

yy = sample(xy, m, replace = TRUE)

(mean(xx) - mean(yy))/(sd(c(xx, yy) * sqrt(1/n +

1/m)))

})

plot(ecdf(tStat))

plot(function(x) pt(x, df = n + m - 2), add = TRUE, lty = "dashed",

min(tStat), max(tStat))

legend("topleft", c("bootstrap-t", "t distribution"),

lty = c(1, 2), bg = "white")
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t distribution

ASLt <- mean(tStat > thetaHat/(sd(xy) * sqrt(1/n + 1/m)))

[1] 0.1418

Exercise 7.1 At the beginning of this section we assumed
identical standard deviations in both samples. Perform the same
test without making this assumption.

7.4 BCa-tests

Abovewe have seen that the BCa method can help us to de-
termine confidence intervals more efficiently. Can we use
this method for tests of hypotheses, too? Let us assume
that all we have is a machine that calculates confidence in-
tervals, but we have to calculate an ASL.

Idea:

−3 −2 −1 0 1 2 3

0.
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 (
x

)

α 2

We have to work out a level α such that the upper or
lower end of the CI coincides with the value of θ under H0.

Let us assume that we are interested in the lower end of
the CI (i.e. H1 states that θ > 0).

Remember that

BCa =
[
θ̂∗(α1), θ̂∗(α2)

]
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with

α1 = Φ

(
ẑ0 +

ẑ0 + z(α/2)

1− â(ẑ0 + z(α/2))

)

In our permutation test we observe α1. We can use the
above formula to work out α/2:

Φ−1(α1) = ẑ0 +
ẑ0 + z(α/2)

1− â(ẑ0 + z(α/2))

Φ−1(α1)− ẑ0︸ ︷︷ ︸
M

=
ẑ0 + z(α/2)

1− â(ẑ0 + z(α/2)

︸ ︷︷ ︸
Q

)

M =
Q

1− âQ

M · (1− âQ) = Q

M− âQM = Q

M = Q · (1+ âM)

M

1+ âM
= Q = ẑ0 + z(α/2)

M

1+ âM
− ẑ0 = z(α/2)

Φ

(
M

1+ âM
− ẑ0

)
= α/2

Φ

(
Φ−1(α1)− ẑ0

1+ â(Φ−1(α1)− ẑ0)
− ẑ0

)
= ASLBCa

We can still use the same formula for ẑ0:

• ẑ0 = Φ−1
(
#{θ̂∗(b)<θ̂}

B

)
: bias correction

With a two sample problem the formulate for â is
slightly different:

We define Ux,i = (n − 1)(θ̂x,(·) − θ̂x,(i)) and Uy,i =

(m− 1)(θ̂y,(·)− θ̂y,(i))

• â = 1
6

1
n3

∑
n
i=1U

3
x,i+

1
m3 ∑

m
i=1U

3
y,i(

1
n2

∑
n
i=1U

2
x,i+

1
m2 ∑

m
i=1U

2
y,i

)3/2 : acceleration

set.seed(123)

FUN <- function(x, y) mean(x) - mean(y)

thetaStar <- replicate(5000, FUN(sample(mouse.t, replace = TRUE),

sample(mouse.c, replace = TRUE)))

thetaHat <- FUN(mouse.t, mouse.c)

z0 <- qnorm(mean(thetaStar < thetaHat))

jack2 <- function(x, y) sapply(1:length(x), function(i) FUN(x[-i],

y))

U <- function(x, y) {

u <- jack2(x, y)

(length(u) - 1) * (mean(u) - u)

}

Ux <- U(mouse.t, mouse.c)

Uy <- U(mouse.c, mouse.t)

n <- length(mouse.t)

m <- length(mouse.c)

ahat <- (sum(Ux^3)/n^3 + sum(Uy^3)/m^3)/(sum(Ux^2)/n^2 +

sum(Uy^2)/m^2)^(3/2)/6

a1 <- mean(thetaStar < 0)

ASLBCa <- pnorm((qnorm(a1) - z0)/(1 + ahat * (qnorm(a1) -

z0)) - z0)

We obtain z0 = 0.018, â = 0.0272, a1 = 0.13, and
ASLBCa = 0.115.

plot(hist(thetaStar, breaks = 40))

abline(v = c(0, thetaHat))
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Exercise 7.2 The dataset x4.csv contains data on x and y. You
estimate a linear relationship

y = β0 + β1x+ ǫ

Your null hypothesis is that β1 = 0. The alternative hypothesis
is that β1 6= 0.

1. What is the ASL of a parametric test?

2. What is the ASL of a permutation test?

3. What is the ASL of a bootstrap-t test?

4. What is the ASL of a BCa test?
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